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Abstract
The present thesis focuses on modelling techniques of vaulted masonry churches
subjected to earthquakes.
A multi-level approach was proposed to investigate the role of vaults in the
seismic behavior of churches, with both global and local analyses. A macro-element
constituted by trusses equivalent to vaults was implemented in the global analysis
of two churches, showing the reduction in computational and modelling time. The
simplified model with equivalent trusses was shown to be similar to the complete one
in modal and time-history analysis. In addition, parametric analyses were carried out
for different vaults typologies and dimensions.
The vaults equivalent stiffness was used in the rocking analysis of slender elements
often found in churches. The Housner equation was modified to take into account
different boundary conditions as tie-rods or vaults connected to façades or rigid
bodies. Moreover, comparisons with the current normative approach were made. The
procedure illustrated in the Italian code for local analysis was seen to be conservative
in most cases.
Finally, a method that considers failure modes together with the dissipated energy
density of macro-elements was illustrated. With this process, the non-linear masonry
behavior is not neglected and the evolution over time of dissipated energy is evaluated.
The method may help to better address design of strengthening techniques, once that
vulnerable elements are identified.
Pisa, December 2014 Linda Giresini
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4 1 INTRODUCTION
1 Introduction
The analysis of historic churches subjected to dynamic actions is a challenging is-
sue for both masonry behaviour modelling and correct building idealization. Historic
buildings were not specifically designed with the purpose of resisting to seismic ac-
tions, therefore they generally are not able to show a good response in presence of
earthquakes. This is due to many factors: poor tensile strength of masonry, high ratio
weight/strength and inhomogeneous nature of material. These aspects regard ordinary
masonry structures. Historic buildings, especially churches, are affected by additional
critical features such as complex constructive stages, lack of rigid diaphragms, pres-
ence of vaulted systems and material degradation over time, among others. That makes
it complex to recreate reliable numerical tools capable of correctly representing real
situations, therefore numerous approaches were developed in the past for that purpose.
1.1 Analysis of historic masonry structures
Unreinforced Masonry (URM) buildings are often recognized as the type of construc-
tion most vulnerable to earthquakes [1]. This consideration strengthens for historic
structures, not designed for seismic loading and often product of many constructive
stages. The analysis, diagnosis and rehabilitation of historic buildings should be per-
formed promoting an interaction of knowledge between history of architecture, civil
engineering, consolidation and restoration techniques and finally materials technology.
For its part, structural engineering should provide robust numerical tools able to cor-
rectly interpret the structural behaviour of these buildings. This purpose is actually
challenging, since masonry represents the most difficult material to model for its com-
posite nature.
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Moreover, uncertainty factors are numerous for monumental and historic buildings.
Indeed, the analysis of ancient masonry structures is a complex task for difficulties in
evaluating geometric features and internal constitution of masonry panels (presence of
a unique material, cavities, other materials) [2]. Moreover, the construction sequence,
particularly for churches and aggregates, is a crucial aspect, together with the material
mechanical parameters evaluation, often not computable for the impossibility to per-
form destructive tests on historical masonry. Besides it, there is a large variability of
mechanical properties due to different types of blocks and mortars and to the work-
manship. Finally, the low knowledge of structural seismic behaviour and the lack of
complete regulations and codes make the topic challenging.
To conceive a unique tool valid to describe all possible masonry responses is there-
fore complex, and most likely impossible. Moreover, current commercial programs
are generally not able to provide convenient material models that describe highly non-
linear behaviour and masonry orthotropy.
1.2 Overview on modelling strategies of historic churches
Over the last thirty years an increasing number of researchers started to show interest
on masonry, previously confined to the rank of secondary structural material. Nu-
merical and analytical models were performed with different assumptions, due to the
fact that masonry failure mechanisms cannot be described by simple laws or models
that include all typical mechanical responses. Structural analysis of ancient masonry
structures substantially differs from other materials such as steel, reinforced concrete,
timber, as well as traditional masonry buildings.
In order to evaluate the seismic behaviour of masonry churches three different
approaches are available from literature: numerical analyses based on finite element
or discrete element methods, both with macro-modelling and micro-modelling
approaches; kinematic analysis applied to macro-elements regarded as significant
structural elements of historic churches; form-based assessment for expeditious
seismic vulnerability assessments or damages evaluations after earthquakes. A state
of the art of the above-mentioned topics is discussed in § 2.
In general, the mentioned approaches are included into two complementary branches:
global and local analyses. The former consists in considering the building as a unicum,
assuming that connections at the intersecting walls are effective. Numerical models
are then analysed by means of the finite element method with different constitutive
laws and modelling strategies.
Naturally, not always that assumption is proper, since historic churches are result
of continuous modifications over centuries. Thus, structural elements are often not
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capable to work together in presence of ground motions. That consideration brings to
the second approach, widely accepted in literature and preferred in the Italian code
[3, 4]. It is based on considering significant part of churches, named macro-elements
(façade, apse, vaults, bell-tower, etc.), structurally working isolated under horizontal
actions. Procedures normally adopted are kinematic both linear and nonlinear analysis,
and dynamic analysis assuming macro-elements constituted by one or more rigid
blocks kinematically connected.
The present thesis deals with both approaches, proposing sophisticated and simplified
modelling techniques to evaluate the dynamic response of churches with vaulted
systems.
1.3 Objectives of the present study
The thesis is focused on providing tools able to model historic churches both in global
and in local analysis. Global analyses are important for defining the overall dynamic
response of historic churches, in order to identify macro-elements or critical members
to be investigated more in depth with local analysis. The global analysis performed
in this thesis deals with churches characterized by vaulted systems, very widespread
not only in churches, but also in generic historic structures. A multi-level approach is
proposed to consider the role of vaults and divided in three phases (Fig. 1.1):
1. linear approach with vaults equivalent trusses;
2. rocking analysis;
3. non-linear analysis with dissipated energy.
Simplified approaches are first performed to properly model vaults within churches.
Modelling of vaults is often time-consuming, both in terms of model preparation and
computational time. Moreover, this analytic procedure is also not strictly requested
when just a first evaluation of dynamic behaviour is needed. At the same time, if
they are neglected or modelled as rigid diaphragms, they might bring to wrong results.
Thus, equivalent trusses are defined and numerical tests have been performed to con-
firm their actual equivalence in terms of stiffness.
Afterwards, their role is investigated in modal and transient analysis to show the corre-
spondence of results between simplified and full (namely, where vaults are completely
modelled) models. The so calculated vaults stiffness is then used to perform rocking
analysis of rigid bodies according to the Housner’s formulation. The current approach
proposed by the Italian code is seen to be sometimes too conservative. This aspect
might be potentially inappropriate in case of monumental buildings, whose artistic and
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Figure 1.1: Scheme of multi-level approach in seismic vulnerability assessment of historic
churches with vaulted systems
historic value is extremely high. In addition, rocking spectra can be considered as rapid
and more reliable method to define the vulnerability of a rigid block, or macro-element,
with different boundary conditions (vaults of specific stiffness or strengthening devices
such as steel tie-rods).
Secondly, a more sophisticated approach on the analysis of global churches is pro-
posed (Fig. 1.1). Indeed, the first approach somehow “deletes” the presence of the
vaults, whose intrinsic vulnerability cannot be evaluated. Therefore, their modelling
could be necessary. The suggested method is based on the evaluation of the dissipated
energy density during a simulated earthquake. However, a failure modes evaluation is
always needed. In this framework, nonlinear material law is necessary and significant
seismic records have to be used. The check parameter concerns the concept of a hierar-
chy of dissipated energy, which may be taken into account by designers to evaluate the
seismic vulnerability of structural elements and macro-elements of historic buildings.
A fundamental parameter to account for in the analysis is also the damage pattern,
which gives information about failure modes. The technique can consciously address
strengthening interventions whether vulnerable elements are identified.
The main objective of the present study is therefore to provide modelling techniques
different from the traditional ones. This is accomplished first by developing the idea
of trusses equivalent to vaulted systems (named VET, Vaults Equivalent Trusses),
which play a relevant role in the global seismic behaviour of historic churches. These
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trusses, with their equivalent stiffness, are then used as boundary conditions of rigid
bodies representing macro-elements. The seismic response is discussed and the rock-
ing analysis of slender elements is applied to assess whether the current normative
approach is proper for local analysis.
Finally, the concept of hierarchy of dissipated energy associated to the definition
of failure modes (named DED, Dissipated Energy Density) is presented as new tool
for evaluating the seismic vulnerability of historic churches and the effectiveness of
retrofitting interventions.
The proposed techniques are applied to practical cases, some of them struck by real
earthquakes, to offer procedures for assessing seismic vulnerability of churches in real
situations.
1.4 Contents
The thesis is organized in seven chapters, related to two branches of research: global
and local analysis in historic churches with vaulted systems. The global analysis is
presented in § 2, § 3 and § 6, while the local analysis is discussed in § 4 and § 5.
Chapters 3, § 5 and § 6, where new methods are proposed to take into account vaults
in historic churches modeling, include applications to cases study to clarify their use
and impact on real situations.
More in detail, Chapter 2 contains the state of the art concerning recent approaches for
analysing historic churches in global and local analysis. Specifically, it addresses the
need to define simplified numerical tools to represent vaults and to conceive a robust
procedure for the identification of seismically vulnerable macro-elements. Moreover,
the chapter illustrates the form-based approach for expeditious seismic vulnerability
assessment or damages evaluation after earthquakes.
Chapter 3 focuses on the equivalence of vaulted systems with trusses having a
properly computed equivalent stiffness. Different typologies of vaulted systems are
analysed both in linear and non-linear ranges, providing parametric results for dif-
ferent values of geometrical/mechanical parameters and boundary conditions. These
charts can be useful for designers aiming to model vaulted systems in a simplified
way with equivalent trusses. Afterwards, the equivalent trusses are implemented in
global analysis (VET analysis) and outcomes of fully modeled churches in terms of
relative displacements under transient analysis are compared with those related to the
simplified models. By means of sensitivity analysis, different procedures to model
vaults in different fashions, e.g. with horizontal slabs, are depicted. In addition, an
application of strengthening devices applied in the full models and in the simplified
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ones is described, showing the usefulness of the method in case of rehabilitation
techniques design.
Chapter 4 includes the state of the art of the rocking analysis. This analysis
is suitable to study the dynamic response of rigid bodies, representative of macro-
elements in churches. Furthermore, a general review of methods to model out-of-plane
response of unreinforced masonry walls is proposed. Attention is paid to the descrip-
tion of the analytical and experimental tests carried out by Housner and other authors,
which are used as reference for calibrating the specifically developed Matlab codes
illustrated in § 5.
Chapter 5 reports the results of two codes developed in Matlab for the dynamic
response of rigid bodies of one and two degrees of freedom. Boundary conditions,
included in the Housner’s formulation, are springs with variable values of stiffness.
These springs can represent vaults, investigated in § 3, or steel tie-rods, or other
devices aimed to improve the dynamic response of rigid bodies. Response spectra
are compared with rocking spectra to show that the current Italian code seems too
conservative in evaluating seismic vulnerability of historic buildings. Rocking spectra
in rehabilitated configurations are reported and commented to propose a method for
assessing the safety of specific macro-elements in churches.
Chapter 6 contains a new approach for identifying seismically vulnerable macro-
elements of churches. The idea of hierarchy of dissipated energy per macro-element
volume (DED analysis) is presented, and numerical analysis on damaged churches
are performed to demonstrate the validity of the method. With this procedure, it is
possible to better address the design of strengthening techniques, by reducing and
possibly transferring dissipated energy to more robust parts of the church. Two cases
study, a basilica three naves church and a single-nave church, are discussed and
commented.
Finally, Chapter 7 illustrates an extended summary of results and conclusions
that can be inferred from the present study.
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2 MODELLING TECHNIQUES FOR HISTORIC MASONRY
CHURCHES: STATE OF THE ART
2 Modelling techniques for historic masonry churches:
state of the art
Numerical techniques for historic buildings, and in particular for masonry churches,
are illustrated in this chapter. Masonry represents the most widespread construction
material in Italy, used both for traditional and historic or monumental buildings. Al-
though their huge artistic value should be preserved from damages caused by earth-
quakes, only recently modelling techniques started to be systematically investigated.
Since almost twenty years researchers have been giving their contribution in analysis
of historic buildings. The greatest difficulty they have to account for is a correct de-
scription of masonry as nonlinear material. Due to the numerous failure mechanisms
that may take place in masonry walls, laws that take into account the attainment of
shear or tensile strength must be considered.
Nevertheless, besides the problem of modelling masonry itself, also macroscopic re-
sponse have be studied, especially for complex structures as churches. From these
considerations, several simplified approaches were born, like the macro-elements ap-
proach, which consists in considering the building made of structurally independent
parts. Other global analysis of historic churches mainly involves numerical simula-
tions on 3D full models, both in linear and nonlinear range. Even though this tool is
often not convenient for churches characterized by different construction stages, it is
a necessary step to have an insight of the overall dynamic behaviour of the building,
both to identify macro-elements most likely to be damaged and to recognize the most
critical regions of masonry.
After an overview on the seismic vulnerability of historic churches, a synopsis of the
mentioned modelling techniques is provided, adopting a method based on their evolu-
tion over time and numerical or analytical nature.
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Figure 2.1: Churches struck by recent earthquakes in Italy (Brandonisio et al. [5])
2.1 Seismic vulnerability of historic churches
Historic churches are strongly prone to be damaged during earthquakes, as demon-
strated by those that struck Italy in the last century (Fig. 2.1). That relevant vulner-
ability is due to the presence of critical elements like masonry of poor quality with
low tensile strength and irregular building configuration, both in plan and elevation
[5]. In addition, churches may have re-entrant corners, tall story heights, offset roofs
and many openings [6]. One of the aspects that most affects their vulnerability is the
roofing system. If floors are ineffectively connected to vertical walls, a correct distri-
bution of the seismic action to resistant elements is not guaranteed. Nevertheless, even
though timber roof might work as weak restraint for connected walls [7, 8], its with-
drawal could cause outward collapse of the exterior walls for loss of vertical support.
Anyway, if vaulted system or timber roofs are present as connection between walls,
their stiffness affects the seismic response of the church as it will be discussed in detail
in § 3. Fig. 2.2 displays different roof typologies for a single-nave church.
Moreover, vaulted systems in churches suffer from a strong seismic vulnerability, as
one can see from experiences of the recent earthquakes in Abruzzo (2009) and Emilia
Romagna (2012) Italian regions. The vaults of the naves, the apse and the chapels
are not designed to withstand horizontal actions and have been frequently subjected
to total (Fig. 2.3) or partial collapses (Fig. 2.4). Especially thin single-leaf vaults
are subjected to evident differential deflections caused by the rocking phenomenon
12
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(a) 
(b) (c) (d) 
Figura 6.  a) Chiesa di Santa Maria Assunta a Tramonti di Sotto (UD); b) capriata sui muri laterali; 
 c) capriata, arcone e volta; d) arconi in muratura. 
 
L'aula presenta, nei riguardi di un'azione sismica trasversale al suo asse, due elementi piutto-
sto rigidi alle estremità: la facciata, sollecitata a taglio nel proprio piano; l'arco trionfale, spesso 
irrigidito dal transetto o da corpi di fabbrica aggiunti (sacrestia, canonica); la parte centrale è in-
vece certamente più deformabile, per la snellezza delle pareti laterali. Se l'aula è sufficientemen-
te allungata, è ragionevole assumere che la campata centrale non risenta degli effetti di bordo e 
quindi possa essere analizzata autonomamente; inoltre la frequente presenza di aperture nelle 
pareti laterali contribuisce a rendere indipendenti tra loro le campate. La figura 7 mostra il mo-
dello geometrico in pianta delle tre tipologie prima descritte (Figura 6b-d); sono modellati anche 
eventuali contrafforti esterni, spesso presenti ad irrigidimento della campata. 
 
AULA
contrafforte
parasta
interna
Figure 2.2: Different roof typologies in a single-nave church: timber trusses with different
configurations (b,d), timber trusses and vault (Lagomarsino et al. 1999 [9])
Figure 2.3: Collapse of the barrel vault due to transverse response of the Santa Maria dei
Raccomandati church - San Demetrio ne’ Vestini (Abruzzo) [5]
activated by the church transverse response. In plane shear stresses may be induced by
the rocking motion of transverse diaphragms arches (Fig. 2.5a, b). The vault is safe as
long as the thrust line stays within the vault thickness [10].
That seismic vulnerability, noticeable even for low intensity ground motions, can be
strongly limited by means of interventions aimed to reduce the horizontal thrust, which
is amplified during a seismic shock. Consolidations on vaulted systems may be per-
2.1 Seismic vulnerability of historic churches 13
Figure 2.4: Damaged chapel vault in the San Nicolò church - Carpi (Emilia Romagna)
1. INTRODUCTION 
In the case of a seismic event, thin single-leaf vaults are subjected to pronounced differential 
deflections caused by the abutment unconstrained rocking motion and by the seismic action applied to 
the vault ring; vaults can as well experience severe in-plane shear stresses following the differential 
rocking of the transverse arches [1] (Fig. 1a-b). Noteworthy, whether the rocking mechanism and the 
differential rocking can be inhibited or confined, for example by adopting a roof box-structure 
constraining the perimeter masonries along the edge [2] (Fig. 1c), the differential deflection of the thin 
vault induced by the pertaining seismic actions cannot be avoided. Depending on the earthquake 
magnitude and the vault thickness, differential deflection can be as remarkable as to cause the 
structure collapse [3-5].  
The vault equilibrium is guaranteed as long as the thrust line, both in static and seismic conditions, 
develops within the vault thickness [6]. In single-leaf vaults the ideal resisting arch has little 
possibility to shift and modify within the vault thickness to adapt to different unsymmetrical load 
distributions. As a result, these structures are particularly vulnerable even to earthquake of low 
intensity. Their extreme vulnerability was frequently assessed after recent earthquakes, when a 
significant number of single-leaf vaults collapsed, regardless of the earthquake intensity and of the 
level of the structure global damage (Fig. 2).  
(a)        (b)       
roof box
structure
constraint
(c) 
Fig. 1 Thin leaf vault subjected to: (a) vault deflection following the unconstrained abutment rocking motion and 
the seismic loads acting along the vault ring; (b) in-plane shear stresses induced by diaphragm arch differential 
rocking. (c) roof box structure avoiding all mechanisms but the deflection caused by the vault  seismic action   
 
Figure 2.5: Thin leaf barrel vault subjected to: (a) transverse displacements caused by rocking;
(b) in-plane shear stresses induced by differential rocking of diaphragm arch; (c) roof box
constraint able to limit rocking [11]
formed by means of three types of intervention (Fig. 2.6):
(a) the arch thrust is eliminated by means of tie-rods, activated by sleeves or turn-
buckles. In historic masonry structures the material is iron or steel (Fig. 2.7a) and the
connection to vertical walls is ensured by anchor plates of different shapes, sometimes
decorative;
(b) the arch thrust is eliminated in active fashion through adjacent structures generating
the same thrust as the arch colonnade shown in Fig. 2.7b. A typical example of active
interventions are also flying buttresses in Gothic churches (Fig. 2.8);
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Figure 2.6: Thrust elimination: tie-rod (a), active (b) or passive (c) intervention [12]
(c) a passive intervention vanishes or reduces the arch thrust by means of additional
weight, provided by external buttresses (Fig. 2.7c), pinnacles or spires.
For thin vaults, traditional reinforcing techniques (either masonry spandrel walls or
extrados concrete or lime mortar slabs) may be used, but attention must be paid to
avoid dead load increase, which might result in additional seismic actions. Therefore,
extrados lightweight ribs were proposed as an innovative solution to improve their
seismic behavior [11]. Moreover, a roof box-structure that constraints the perimeter of
masonry walls along their edges can be additionally used to limit the rocking behavior
in the church transverse response [15] (Fig. 2.5c).
2.2 General aspects about modelling strategies of historic build-
ings
The topic of modelling techniques on historic buildings recently begun to involve a rel-
evant network of researchers interested in it. The main purpose is of encouraging new
and reliable approaches oriented to conservation and restoration of architectural her-
itage. The theme is challenging, whether simplified or advanced techniques are applied
to interpret the seismic response of historic buildings. Indeed, simplified approach are
Figure 2.7: Tie-rods in the San Nicolò church (Carpi, Modena, Italy) (a), active elimination
of thrusts in St. Frediano (Pisa, Italy) (b) and passive intervention in Dinard (France) with
buttresses (c)
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Figure 2.8: Cross section of Westminster Abbey [10, 13] (a); the action of flying buttresses
and pinnacles [10, 14] (b)
most of the time reliable, but they risk to be too much conservative. That is not accept-
able in historic building seismic assessment since consolidation interventions, whether
required, might be too expensive. However, simplified methods can be useful to have a
preliminary qualitative information about the seismic behavior. Simplified approaches
were first proposed, as usually occurs in complex problems. Among them, for instance,
Lourenço and Roque [16] proposed three indexes to assess the seismic vulnerability of
a historic church: in-plane area ratio, area-to-weight ratio, base shear ratio.
On the other hand, advanced models are available from literature, but they are some-
times not enough meaningful and the post-processing interpretation is a complex task.
The first pioneering numerical simulations on historic buildings were performed in the
early nineties by Macchi et al. [17], Chiarugi et al. [18], Croci and Viskovik [19],
Mola et al. [20] and Meli et al. [21]. Generally, they were focused on the study of
Italian famous monuments, as the Pisa Tower [17], the Colosseum in Rome [19], the
Brunelleschi Cupola in Florence [18] and the St. Marco Basilica in Venice [20].
The problems encountered in modelling historic structures are numerous, and related to
geometry definition, material representation, actions and to all the assumptions needed
to perform numerical simulations or simplified analyses. Geometry definition is not a
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trivial step for historic churches, since there is not distinction between decorative and
structural elements. Moreover, most of the time internal elements cannot be carefully
observed and measured for many reasons. Masonry members often have internal un-
known elements as cavities, metal insertions, different materials. Consequently, often
mistakes about the correct individuation of different factors, e.g. thickness of multiple-
layers, are likely to occur. Furthermore, masonry is a composite and hand-made ma-
terial made of stone or bricks and mortar: its mechanical properties strongly vary for
different types of masonry, which are innumerable and difficult to insert in a com-
plete classification. Even for the same type of masonry, mechanical properties may be
very scattered also in function of age. Over the last years, many researchers focused
their attention on developing techniques to properly assess the failure mechanisms in
stone masonry buildings [22, 23]. The reader is referred to [23] for a wide review of
theoretical and experimental approaches performed for stone masonry.
In general, it is relevant to point out that non-destructive tests or minor destructive tests
are preferred and however accepted, being historic structures very delicate buildings.
Often, too many restrictions are imposed by public authorities to structurally intervene
on these buildings. It is not only a technical matter, but also a cultural problem in the
Italian panorama [24].
In addition to the problem of correctly evaluating mechanical properties, the
need of modelling this nonlinear behavior arises. Masonry is a brittle material in
tension, with almost null tensile strength, and its behavior is governed by frictional
response for shear mechanisms. Moreover, masonry exhibits distinct directional
Figure 2.9: One of the first finite element models of historic monuments: the Pisa Tower
(Macchi et al., 1993 [17])
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Figure 2.10: Modelling strategies for masonry structures: (a) detailed micro-modelling; (b)
simplified micro-modelling; (c) macro-modelling [25]
properties and mortar joints are considered like weak elements in the heterogeneous
material.
Consequently, the conception of a unique model is probably not possible, therefore
macro-modelling and micro-modelling approaches have been developed. Fig. 2.10
displays the possible modelling techniques:
• micro-modelling: units and mortar are represented as distinct elements and the
unit-mortar interface are discontinuous elements;
• macro-modelling: units and mortar are homogenized in a continuum
(anisotropic or isotropic) equivalent material.
A micro-model should include all the failure mechanisms, that are cracking of joints,
sliding over one head or bed joint, cracking of units and crushing of masonry [26].
Micro-modelling approaches are preferred when small structures are investigated and
local analysis are required. The state of stress and strain can be defined for each
masonry constituent: that tool, although rigorous, requests higher computational
effort, for the huge number of degrees of freedom that would require [2]. The
time-consuming character is also not negligible in the preparation of models, because
of the complex morphology of structural elements. Moreover, micro-modelling is
frequently too sophisticated to highlight structural response in a macroscopic scale,
which could be the aim of a seismic vulnerability assessment for a whole building.
Applications can be possible with finite elements, discrete elements or limit analysis.
By contrast, macro-modelling permits large-scale numerical simulation with re-
duced computational effort. Macro-modelling strategies for historic churches will
be further discussed in § 2.5. Different application fields have been developed for
micro- or macro-modelling, therefore their choice depends on the specific problem. A
complete review about these methods is available in [25, 27].
In this contribution macro-modelling is adopted, since the presented methods are
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intended to be practice-oriented.
An additional problem encountered in modelling historic structures is the definition
of significant actions and loading conditions. The buildings may have experienced
actions of different kind, both in short and long term, cyclic or static. It is very much
complex to properly define those actions, which may interest also different parts of the
building. Moreover, previous damages due to loading of static nature or physiological
material decay over time might be present and likewise challenging to model. The
effect of creep, multiple hygrometric and thermal cycles may also induce cumulative
damage in masonry.
The following paragraphs illustrate the modelling techniques available for historic
churches or parts of them. Three typologies of methods are possible and they make
use of:
• finite elements (FEM);
• discrete elements (DEM);
• rigid bodies representing parts of the building (macro-elements approach).
Finite element and discrete element models are related to macro- and micro-modelling
approaches, while kinematics of rigid bodies allows limit analysis procedures. The
former and the latter will be in-depth discussed in § 2.5 and in § 2.4,§ 4 respectively.
In discrete elements models masonry units are considered rigid or deformable and
elasto-plastic interfaces with frictional behavior. The method was born in the late
seventies for solving rock mechanics problems [28, 29, 30].
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Figure 2.11: Mechanisms of masonry façades (de Felice and Giannini, 2001 [31])
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Figure 2.12: Failure mechanisms and corresponding collapse accelerations with UDEC
method (de Felice and Giannini, 2001 [31])
The assembly of blocks that represents the system is subjected to dynamic loads and
the contacts between them are updated step by step by solving differential equations
of motions. The method allows finite displacements and rotations of discrete bodies,
including complete detachment and automatically recognizes new contacts as the cal-
culation progresses. The method is implemented in the numerical software UDEC
(Universal Distinct Element Code, Itasca [33]). Several researchers studied the behav-
ior of stone masonry structures [34] or masonry dams [35] with DEM [36].
The method was extensively used by many authors dealing with masonry. For in-
Figure 2.13: Push-over curves (a) and collapse mechanism (b) of the façade of the Santa Maria
degli Angeli church (de Felice and Mauro, 2010 [32])
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stance, de Felice and Giannini [31] made use of it to validate analytical expressions
of acceleration that causes collapses on masonry façades. Two mechanisms can be
defined: (1) detachment of façade from perpendicular walls due to vertical cracks and
(2) mechanism caused by diagonal crack on perpendicular walls (Fig. 2.11). Masonry
is represented as regular assembly of rigid blocks and elasto-plastic joints with friction
but not cohesion. The DEM shows the influence of blocks size on the collapse acceler-
ation (Fig. 2.12). The method is really interesting to be applied to façades in churches
[32]: once that the masonry texture and morphology is surveyed [37], it is possible to
assess the effectiveness of transverse walls and the comparison of the actual configu-
ration to the response of the equivalent rigid body (Fig. 2.13). For other contributions
to the same topic, further comments can be found in § 4.6.
Figure 2.14: Test model and comparison of results (Giordano, 2002 [38])
Giordano et al. [38] proposed a comparison of methods for modelling a full scale
masonry colonnade with available experimental tests. The standard FEM modelling
strategy, DEM and the modified FEM with interface elements representing mortar are
considered. The study shows how all three methods are able to correctly catch the
global behavior of the specimens (Fig. 2.14).
One of the main issues encountered in the application of the DE method is that the ac-
tual distribution of bricks and mortar joints is needed, making its application difficult.
However, in case of dry stone masonry of large size blocks, the method is probably the
best one for determining a realistic behavior under dynamic actions.
2.3 Requirements that numerical simulations on historic churches
should fulfill
The conception of the structural model on which perform numerical simulations is a
fundamental step that needs to satisfy some general requirements. First, an in-depth
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survey of the building evolution over time should be carried out, in order to define as
much as possible its history, including all the architectural alterations or restorations
that the church experienced. This is an essential part of the work, as reported in the
Italian code for historic structures [4].
Afterwards, the definition of geometry, materials, actions follows, paying attention to
the behavior that one should get from calculation.
Often, some structural members do not need to be defined to improve the response reli-
ability. For instance, timber frames generally covering vaulted systems, if not properly
connected to vertical masonry walls, may be included in the model in terms of equiva-
lent masses. The same consideration is valid for decorative elements and not significant
structural members that do not play a relevant role in the global behavior. So doing, the
number of degrees of freedom strongly decreases and also the post-processing analysis
is much easier. An accurate description of distribution of mass and loading conditions
is required in all types of analysis.
Rigorously, linear elastic analysis fails to simulate essential features of the masonry
seismic behavior. Nevertheless, linear analysis is generally used as first step both
for simplicity and for getting a rough comprehension of the church dynamic behav-
ior [39, 40].
As stated by Roca et al. [41], an accurate model should also consider the description
of damage and general alterations, like disconnections, construction defects and out-
of-plumb. The modifications in the undamaged model can be introduced by means of
physical detachments or adequate reduction of material properties.
In addition, the structure-soil interaction should be included, as done for St. Marco
Basilica in [20]. Attention should be also paid to the interaction of the building with
possible adjacent ones. For instance, if it is inserted in an aggregate proper boundary
conditions must be set. Naturally, most of times it is difficult to define in which term
a displacement is restrained or which is the equivalent stiffness of springs connected
to ground. A possible approach might be to model the adjacent structures together
with the church and afterwards only the church calibrating the spring stiffness from
its response under a horizontal action. Several researchers incorporated all the distinct
structures part of complex constructions, e.g. Casarin and Modena for the analysis of
the Reggio Emilia Cathedral [42].
In finite element models, modelling issues also emerge. Mesh problems may occur;
iterative analysis shall be performed in order to individuate the most reliable mesh
which varies case by case.
However, fully 3D models are often not so significant to interpret the seismic behaviour
of historic structures. Thus, sometimes it is preferable to use 2D analyses on macro-
elements. Generally it is preferable to model structural parts and details instead of
complete structures since it is challenging to interpret results of complex buildings and
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Nelle chiese ad un'unica navata è spesso presente l’ trionfale, quale elemento di separazione 
tra l’aula e la zona del presbiterio e dell’abside (Figura 5a). Geometricamente esso è definibile 
come una parete, con profilo analogo a quello di una facciata a capanna, nella quale è praticata 
un'ampia apertura ad arco; le spalle laterali sono in genere piuttosto ampie, per la minore lar-
ghezza del presbiterio. Il comportamento è quindi intermedio tra quello di un sistema arco-
piedritti e quello di una parete forata; in virtù della maggior rigidezza trasversale rispetto a quel-
la delle pareti laterali dell'aula, l'arco trionfale è spesso fortemente sollecitato dall'azione sismica 
e deve quindi presentare un'adeguata resistenza. 
Per il macroelemento arco trionfale sono previste nel programma tre tipologie: arco a sesto 
acuto; arco a tutto sesto; arco ellittico. È possibile considerare la presenza di una catena ed il 
coinvolgimento di una porzione delle pareti laterali, analogamente a quanto fatto per la facciata, 
sia dalla parte dell'aula che dell'abside; inoltre vengono automaticamente valutate le azioni tra-
smesse dalla copertura della zona absidale.  
 
 
(b) (c) 
(a) 
Figura 5. Arco trionfale: a) danno sismico nella chiesa di Castelnuovo (UD); b-c) meccanismi di collasso. 
 
Quadri fessurativi sono spesso presenti negli archi trionfali già nei riguardi dei carichi perma-
nenti verticali e fanno riferimento ad un cinematismo a cinque cerniere. Le forze sismiche oriz-
zontali rappresentano invece un sistema emisimmetrico, per cui il collasso si verifica di solito 
con la formazione di quattro cerniere. Analogamente a quanto avviene negli altri macroelemen-
ti, è necessario definire a priori la loro posizione per la valutazione del moltiplicatore con il me-
todo dell'analisi limite; osservando i danni su un'ampia casista di chiese reali ed analizzando 
come si modifica la curva delle pressioni al crescere del moltiplicatore dei carichi (utilizzando la 
statica grafica) è stato possibile elaborare una formula empirica che fornisce la posizione delle 
cerniere in funzione dei parametri geometrici (freccia e luce dell’arco, spessore in chiave, altez-
za dei piedritti). Si è infatti notato che tanto maggiore è lo spessore dell'arco, tanto più la cernie-
ra C (Figura 5b) riesce ad allontanarsi dalla chiave, con il conseguente aumento del moltiplica-
tore di collasso. I tre blocchi coinvolti dal cinematismo possono a priori interessare entrambi i 
Figure 2.15: Triumph l arch of Castel uovo church (UD) and collapse mechanisms (Lago-
marsino et al. 1999 [9])
particularly time consuming. However, the global load distribution on substructures is
a required step for checking individual members. For what concerns lements type, it
has been seen that [2] shell elements are acceptable for a alyses in linear range. When
it is necessary to accurately evaluate the stress distribution through walls thickness it
is preferable to use brick elements.
For what concerns analysis in which non-linear masonry behaviour is involved, dif-
ferent constitutive laws and failure domains might be adopted: no-tension [43], or-
thotropic elasto-plastic behavior with low tensile resistance [26], elasto-plastic behav-
ior of block structures with periodic texture [44] and damage models [45], among
others. For a more detailed overview on that, the reader is referred to § 6.4.
2.4 Macro-elements approach and kinematic analysis
The macro-elements approach is a local analysis usually adopted for historic churches,
which comes from the necessity to identify structurally significant portions of masonry
building [46, 47]. The idea was encouraged by ineffective connections of elements in
masonry structures, which create structurally independent parts in churches rather than
a box behaviour.
The concept of macro-element was firstly introduced by Doglioni et al. [48] and used
to analyse the behaviour of masonry arches [49], masonry portal frames, façades,
apses. Indeed, typical macro-elements can be identified for historic churches: tri-
umphal arch (Fig. 2.15), pronaos (Fig. 2.16), tympanum, apse, bell tower, façade
(Fig. 2.17), etc.
Generally, the evaluation of macro-elements depends on the surveyor experience,
therefore on empirical observations based on the investigation of connections between
elements. In addition, critical aspects should be carefully investigated, e.g. the pres-
ence of vaults/arches or different construction stages.
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Many researchers were focused on the application of the limit analysis to rigid blocks
forming macro-elements [50, 51].
The limit analysis is based on the Heyman’s hypothesis, which are infinite com-
pressive strength, zero tensile strength and no sliding occurrence between blocks
[10]. In the method presented by Lagomarsino et al. [9], first the seismic action is
distributed to the macro-elements according to stiffness (if the walls are connected
by rigid diaphragms) or to loaded area (deformable floors); afterwards, collapse
multipliers are calculated with the principle of virtual work. For each macro-
element, all possible mechanisms should be identified (Fig. 2.17); it brings to the
determination of a collapse multiplier which in turn is compared to the demand in
acceleration in terms of peak ground acceleration, in order to establish the safety level
[53]. The lowest one results the most risky mechanism for that specific macro-element.
Figure 2.16: Overturning mechanism of pronaos in Santa Maria all’Impruneta Basilica (Flo-
rence) (Betti et al., 2011 [52])
Figure 2.17: In-plane shear mechanisms for masonry churches façades [9]
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In the same direction, a kinematic both linear and non-linear analysis is the tool sug-
gested by the Italian code to assess the seismic vulnerability of masonry structures [3]
(§ 4.8).
The kinematic analysis can be performed supposing the position of plastic hinges be-
tween rigid blocks, namely supposing the surfaces where cracks occur for attainment
of tensile strength during motion. Different out-of-plane mechanisms are therefore
analysed to identify the corresponding collapse multiplier. Some simplifications are
taken into account, e.g. ideal plastic hinges as instantaneous centre of rotations and
absence of geometrical imperfections. To avoid considering an infinite stress, as in
case of an ideal plastic hinge, the latter may be properly moved back to determine a
finite contact area [54].
Basically, the first step concerns the individuation of macro-elements that strongly de-
pends on the historical construction stages different for each church. Consequently, the
comprehension of its constructive development is a fundamental aspect that cannot be
neglected to understand its mechanical behaviour [9]. This approach seems to be the
most accepted for churches that are product of numerous constructive stages over cen-
turies. The kinematic limit analysis obviously does not provide a verification in terms
of stresses and material strength since concerns equilibrium. That is not a problem,
at least in the static case since usually masonry elements of churches are low stressed
[10].
Moreover, the procedure is useful to assess the value of the acceleration that a church
actually experienced after an earthquake, using the damages mechanisms as seismic
transducers, as stated by Sassu et al. [55].
The Italian code obliges to use local analysis for historic churches [3, 4]. Only central
plan - that is regular plan - churches are allowed to be modelled as entire buildings,
provided that connections between walls are effective and one or more symmetry axes
are present. In this case, it is admitted to carry out linear and nonlinear incremental
analysis to evaluate e.g. the capacity curve. Moreover, thrusts effects of vaulted sys-
tems must be always considered being essential in the structural response definition.
For a more detailed state of the art about rigid body dynamics theory and out-of-plane
response of masonry elements refer to § 4.
2.5 FEM analysis on global continuous models
Numerical analyses of 2D or 3D models are generally based on the finite element
method, developed by many authors, as Zienkiewicz [56], Hughes [57], Bathe [58],
Reddy [59], among others. They involve both macro-modelling and micro-modelling
approaches. As already stated in § 2.2, in the present work only macro-modelling is
considered for global analysis.
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Figure 2.18: Distribution of seismic base shear among macro-elements in the “two-steps”
procedure (Brandonisio et al. 2013 [5])
Generally, the traditional procedure starts with getting some first information from
linear analysis and then to refine the investigation with more sophisticated nonlinear
analysis. One of the most known approaches, the so-called “two-steps” procedure, was
proposed by Mele et al. [60]: first, typical macro-elements of the church are identified.
Afterwards, at the first step, the church is analyzed in the linear range with a 3D model,
to obtain the distribution of horizontal force on each macro-element (Fig. 2.18).
That distribution is calculated by means of response spectrum analysis, in which the
combination of modal results is the Square Root of the Sum of the Squares (SRSS). In
the second step, the macro-elements are separately analysed up to collapse to evaluate
the seismic capacity in terms of horizontal strength. The two steps are compared to
state the safety level of each macro-element in the 3D model. An additional sub-
step concerns the study of possible out-of-plane collapse mechanisms. Different cases
study are shown to illustrate the application of the method [39, 61, 62, 63, 64, 65].
Fig. 2.19 shows typical macro-elements chosen in some cases studies in L’Aquila.
Another example is represented by a procedure proposed by Betti and Vignoli [40].
First, linear static and modal analysis are performed to get some basic information
on the global behavior, then nonlinear static analysis is carried out assuming for ma-
sonry a smeared cracking constitutive law (Drucker-Prager perfectly plastic criterion
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Figure 2.19: Macro-elements identification in the “two-steps” procedure in some L’Aquila
churches (Brandonisio et al., 2013 [5])
and Willam-Warnke failure surface).
In other cases, pushover analysis is shown to be meaningful to support the choice of
the most significant macro-elements [66].
However, traditional push-over analysis looks not to be a proper tool for irregular
buildings as churches and, possibly, multi-modal approaches should be investigated.
Recently, Pena et al. [67] presented a new approach for macro-elements identification,
based on the fact that their dynamic response is the same as an independent part or in-
serted in the whole structure. Nevertheless, modal analysis does not take into account
the strong nonlinear behavior of masonry.
Moreover, in the mentioned methods the distribution of seismic action takes place in
an equivalent-static or dynamic way with linear material, while the earthquake is a
complex transient action and masonry is strongly nonlinear, therefore that makes these
assumptions not always reliable. If linear analysis is applied, the redistribution of
forces due to damages and decreasing stiffness of single structural elements is ignored.
This will lead to quite conservative and non-realistic results.
Moreover, the fact of totally neglecting the global behavior in the seismic response,
whether only local analysis is performed, might result in a wrong evaluation of the
dynamic behavior, particularly if the church was not affected by clearly defined con-
structive stages or by previous damage. In nonlinear range of 3D analysis, nonlinear
transient analyses were also performed and some examples are found in literature [68].
2.6 Numerical and analytical approaches on arches and vaulted structures 27
2.6 Numerical and analytical approaches on arches and vaulted
structures
Masonry arches and vaults are one of the most widespread structural elements in his-
toric buildings belong to both Western and Eastern architecture. Effective tools are
required to preserve them from the effects of earthquakes and more in general of dif-
ferent loading conditions.
From literature, different analytical and numerical approaches are available. The vous-
soir arch is the most elegant expression of the masonry capability to resist to high
compressive stresses. In fact, since masonry has high compressive strength, low ten-
sile strength and brittle behavior, the arch behavior is the natural shape of masonry
structural elements. The behaviour of the arch was studied by Hooke (1675) and later
by Poleni (1748), and can be so synthesized: the shape of the chain hanging in tension
loaded by its own weight is the same as that of the arch which will carry the loads in
compression [69]. The line of thrust in arches can be found by constructing a funicular
polygon; it is indeterminate to the third degree. The ratio between the thickness of an
arch ring and the thickness of the thinnest arch which can contain the line of thrust is
defined as geometric factor of safety [70]. The arch theory is generally based on the
Heyman’s master safe theorem of plasticity, based on three assumptions [10]:
• masonry has no tensile strength;
• stresses are so low that masonry has an unlimited compressive strength;
• sliding failure does not occur.
Heyman’s safe theorem states that if a system of forces can be found which is in equi-
librium with the loads on the arch and which is contained within the masonry enve-
lope, then the structure will carry the loads, although the forces in the structure may
not be those postulated [71]. These are classical assumptions used since Couplet’s
and Coulomb’s early analyses [72]. The arch failure is a stability failure [70] since its
strength is related to its shape and geometry. At failure, stresses are supposed to be
significantly lower than those required to reach a crushing failure of the material [73].
Huerta [74] stated that “the modern theory of limit analysis of masonry structures,
which has been developed mainly by Heyman [75], is the tool to understand and an-
alyze masonry structures”. Thrust-line analysis is focused to investigate the range of
lower-bound equilibrium solutions of compression-only systems and provides infor-
mation for possible collapse mechanisms [76, 77] for arches, flying buttresses or any
curved structure which can be reduced to a sectional analysis. Limit analysis allows
the evaluation of a lower bound (master safe theorem) and an upper bound (kinematic
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Figure 2.20: Failure of model arch with rigid voussoirs; failure load is independent of voussoir
strength [70]
or mechanism analysis) on the arch’s collapse load. The latter corresponds to the for-
mation of four hinges that transform the arch into a four bars mechanism [78]. As the
mechanism rotates about its instantaneous centre of rotation, centres of gravity of the
arch sections, and loads these sections carry, alter. This changes the potential energy
of the arch and its loads. The rate of change of potential energy can be calculated for a
virtual rotation of any feasible mechanism. The mechanism will form if the magnitude
of the imposed load is sufficient to cause the rate of change of potential energy to be
negative [70].
For what concerns the limit analysis on masonry vaults, shell analyses developed over
the last years are the following:
• mechanism method;
• Heyman’s slicing method;
• membrane’s theory.
Mechanism methods can be applied to analyse shells of revolution under specific
loading conditions if the critical failure mechanism is known [79]. Just asymmetric
loading conditions make the problem of finding the critical failure mechanics quite
complex. The Heyman’s slicing method consists in slicing a 3d structure into slices
and considering them one by one. The 3d effect is obviously lost but the analysis is
significantly simplified and offers very safe results. The technique was also used by
Poleni, Lame and Clapeyron [69]; if each section is in equilibrium, then the stability
of the whole structure is assured. Membrane’s theory is not suitable for masonry
structures [80]. The actual surface of thrust in the vault generally does not coincide
with the middle surface of the vault, used in a membrane analysis. Membrane analyses
are instead suitable for masonry vaults which are within discontinuities and whose
loads are continuous, i.e. there are no cracks and/or point loads [70]. A membrane
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analysis generates an acceptable force system and therefore a safe lower bound on the
collapse load.
Similarly to lines of thrust, for 3d structures the surface of thrust can be represented by
a network of forces. The nodes of such a network are points on the surface of thrust
and the forces within the vault are represented by the network of forces that intercon-
nects nodes.
Three-dimensional computational methods for obtaining lower-bound solutions of ma-
sonry vaults with complex geometries have been developed by Block et. al. [81]. The
method extends thrust-line analysis to three-dimensional problems by finding equilib-
rium force networks within the vault’s geometry and representing possible paths of the
compression forces.
In general, simplified approaches in 1D are traditionally accepted and commonly used
in engineering practice for arches [79, 80] but are not valid for complex 3D vaulted
systems such as domes, groin and cross vaults. Experimental tests on vaults and
arches were performed too, but results are valid just for specific mechanical properties,
dimensions and loading conditions.
Thus, at least for large scale analyses, the most promising tool seems to be the
Finite Element method adopting different constitutive laws for masonry and different
boundary conditions between elements.
Arches and vaults can be studied by means of analytical theories related to limit anal-
ysis and homogenization techniques for vaulted systems and panels. Homogenization
techniques for vaults have been recently studied by Calió et. al. [82] and Milani et al.
[83]. Moreover, experimental tests on arches or vaults have been performed.
Milani et al. [83] presented an analytical approach for masonry vaults based on
their modelling with curved shell finite elements and homogenization. Shell finite
elements are studied to solve continuous models since the approach based on using an
average constitutive law seems to be the most realistic for large scale analysis [84, 85].
The authors proposed a rigid resistant triangular curved element. The kinematic
approach has possible velocity discontinuities along the edges of adjoining elements.
Plastic dissipation is allowed only at the interfaces (generalized cylindrical hinges)
between adjoining elements to obtain an upper bound of the collapse multiplier,
since the thrust surface is such as not to generate tensile stresses only at the element
boundaries. The authors assumed plastic dissipation as a combination of bending,
torsion, out-of-plane shear and membrane actions, namely under the Mindlin-Reissner
hypotheses.
Numerical simulations on a number of masonry shells experimentally tested until
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collapse are also performed , adopting as failure criteria Mohr-Coulomb and Lourenço
and Rots [26] laws. This model was applied to churches with pushover and response
spectra analysis to automatically evaluate failure mechanisms [86, 87].
A recent fibre beam-based approach was presented by De Santis and de Felice to
evaluate the seismic capacity of masonry arches [88]. It starts from the Oppenheim’s
formulation [78, 89] and the consideration that plane sections remain plane after
deformation, and therefore can be represented through a 1D element. The arch is
therefore described as segmental beam, and a flexibility based beam model with
fibre cross section is implemented. Once that uniaxial stress-strain relationships are
assigned to fibres, comparisons with the simplified model made by rocking blocks are
made in terms of collapse domains. This approach was also used to assess the load
bearing capacity of masonry arch bridges [90].
2.7 Experimental tests on arches and vaults
Experimental tests on arches and vaults available from literature are generally few.
Usually they are addressed to the assessment of the effectiveness of strengthening
measures. The literature on masonry structures recognizes as more probable cause
of collapse for vaults support movements and distress due to lateral load effects rather
than gravity load overstress [73]. Consequently, dynamic analysis in horizontal direc-
tion might provide important information for the seismic vulnerability assessment of
arches or vaults. For what concerns dynamic tests on arches, Calderini et al. [91]
analyzed a scale model of arches made of plastic blocks with steel tie rods. The spec-
imen is made by pillars with width 1.3 m and height 5.50 m, and a semicircular arch
having span of 4.6 m. In order to inhibit sliding, thin membranes of Polyvinyl Alcohol
(PVA) foam 0.3 mm thick were introduced between blocks. Three configurations were
considered, free-standing and reinforced arch-piers systems (Fig. 2.21). The purpose
was of assessing the effectiveness of flexible tie-rods to improve the seismic response
of arch-pillars system. Reinforced arches were seen to have an acceleration leading
to the collapse five times larger than that for unreinforced arches. It was moreover
assessed that the presence of more flexible tie-rods increases the capacity in terms of
displacements and therefore the collapse multiplier.
Few experimental tests were performed over the last ten years for single-leaf barrel
vaults, highly vulnerable from a seismic point of view. Both dynamic tests on shaking
table [92] and on specifically developed instruments were carried out. The latter were
performed by Ferrario et al. [11]: a single-leaf barrel vault was subjected to cyclic
quasi static horizontal and vertical actions. The arch had a span of 5 m, a rise of about
1.3 m and thickness of 50 cm and was placed on a tilting steel structure to simulate,
with both the clockwise and counter-clockwise rotation, the vertical and horizontal
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unsymmetrical loading induced by earthquake. The cyclic simulated seismic action
was therefore uniformly distributed along the vault ring, being that more representa-
tive than concentrated loads. By swinging the testing bench, cycles with increasing
inclination were imposed until the vault ring collapsed (Fig. 2.22). Results from the
experimental tests were used to validate a simplified analytical model able to estimate
the position of the plastic hinges.
Other experimental tests interested barrel vaults [93] or groin/dome vaults [94, 95]
subjected to vertical static loading (Fig. 2.23). These studies are mainly aimed to as-
sess the effectiveness of FRP or other strengthening techniques on vaulted systems. A
contribution was also given by Williams et al., who applied horizontal quasi-static sup-
ports displacement on concrete groin and barrel vaults [96]. Recently, Sorensen et al.
be observed that reinforced arches collapse for time-histories with PGA up to 6 times greater than 
free-standing arches. The collapse modes are different as well. In free standing arches, collapse is 
produced by the formation of 4 rotation hinges, typically 3 in the arch and 1 at the base of one pier 
(this latter collapsed only with AQU). In reinforced arches it is tipically associated with sliding 
movements between the blocks. AQU input is more severe for the structure since it requires larger 
displacement capacity. The presence of more flexible tie-rods increases the displacement capacity of 
the structure and thus the collapse multiplier. 
 
Table 4. Mechanisms, PGA and maximum displacement obtained in the test series. 
Case AQA AQU 
A: 
Free standing arch 
 
 
 
 
 
 
PGA 
Max Displacement 
 
0.50 g 
66.48 mm (right pier) 
 
0.20 g 
Right pier collapsed 
B1: 
Arch reinforced with 
rigid tie-rods 
 
 
 
 
 
PGA 
Max Displacement 
 
1.20 g 
12.23 m (left pier) 
 
1.00 g 
35.32 mm (right pier) 
B2: 
Arch reinforced with 
flexible tie-rods 
 
 
 
 
 
PGA 
Max Displacement 
 
2.00g 
31.86 mm (left pier) 
 
1.30 g 
53.58 mm (left pier) 
C: 
Reinforced arch with 
flexible tie-rods and 
asymmetric b.c. 
 
 
 
PGA 
Max Displacement 
 
1.20 g 
27.08 mm (right pier) 
 
0.85 g 
35.02 (right pier) 
Figure 2.21: Mechanisms, PGA and maximum displacements of arches in shaking table tests
(Calderini et al., 2012 [91])
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Fig. 6b Upper view of the single-leaf vault specimen 
  
Tab. 1Mechanical properties of material employed in the specimens production 
Clay Brick  
[values furnished by the supplier company] 
Mortar 
[NHL: 7.5% - Lime putty: 8.5% - Aggregates 1.5mm: 
34% - Aggregates 3mm: 34% - H2O: 16%] 
Young’s modulus ~ 8000 MPa Young’s modulus 661 MPa 
Poisson’s coefficient 0.15 - Poisson’s coefficient - - 
Weight density ~ 17 kN/m3 Weight density ~ 21 kN/m
Voids percentage 0 % Compressive strength 1.87 MPa 
Horiz. compressive strength > 6 MPa Tensile strength 0.20 MPa 
Masonry 
Initial Young’s modulus 4006 MPa 
Initial Poisson’s coefficient 0.10 - 
Weight density ~ 18 kN/m
Compressive strength 3.37 MPa 
Tensile strength 0.07 MPa 
Brick-to-mortar interface cohesion 0.04 MPa 
Figure 2.22: Single-leaf barrel vault specimen on the tilting steel structure (Ferrario et al.,
2012 [11])
(2013) tested both destructively and non-destructively a thin-tile masonry dome vault
imposing a horizontal displacement to a corner support (Fig. 2.24). The information
regarding the l cation of hinges at the quarter points helped to compare experimental
results to both experimental and analytical simulations generally performed on arches
or barrel vaults. The tests revealed that the dome could n t collapse with three remain-
ing supports;the cracks first developed at the crown of the adjacent arches and then
connect across the dome webbing pendentive.
Moreover, since triumphal arches play an important role in churches, it is worthy to
notice some experimental tests performed by Giuriani and Marini [15], who studied the
unconstrained rocking of the transverse diaphragm arches as mechanism responsible
for collapse of vaults. The rocking might also cause yielding or pulling-out of tie rods
designed to bear the horizontal thrust of the arch. Moreover, Preti et al. [98] tested
a reduced-scale arch diaphragm having dimensions 6x5.75x2 m subjected to a cyclic
quasi-static horizontal action. That test demonstrated the fundamental role of steel
tie-rods in the global response of the triumphal arch.
2.8 General issues related to flexible diaphragms and modeling
techniques
The case of flexible diaphragms, such as vaults or wooden floors, very frequent in
churches, makes their modeling even more complex. Indeed, if vertical walls are not
properly connected they tend to behave independently and the box behavior is lost.
Consequently, global analysis are not meaningful especially with nonlinear static anal-
ysis [99]. Indeed, in this case, the choice of check point for the capacity curve is not
unique. An acceptable way to proceed could be separately analyse the in-plane seismic
response of each wall with its corresponding loads and inertial masses [5, 100].
Masonry buildings with flexible diaphragms can generate complex response in terms
of rocking and sliding walls if subjected to ground motions. These mechanisms, rec-
ognizable from experimental tests, can be stable [101] or unstable [102], depending on
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Figure 2.23: Experimental static tests on vaults: (a) prototype of brickwork cross-vault with
extrados and four sides-annular reinforcement; (b) dome vault with four annular reinforce-
ments; (c) barrel vault tested up to collapse; (d) cloist vault with annular strip at the crown and
four meridian strips along the web joints (Foraboschi 2004 [95])
Figure 2.24: Experimental test on a dome vault subjected to horizontal quasi-static displace-
ment (Sorensen 2013 [97])
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Figure 2.25: Modelling technique in case of flexible diaphragms [100]
the diaphragms anchorage and on their deformations during ground motion tests. Since
the current literature and approaches on the evaluation of flexible diaphragms situation
is poor at the moment, generally numerical models are compared to experimental tests
results, both pseudo-dynamic [101] and on shaking table [102].
2.9 Form-based vulnerability assessment for historic churches
Over the last twenty years, quick inspection methods were developed to assess the
usability, the damage level and vulnerability of structures after an earthquake by
means of damage indicators evaluable by visual examinations [103, 104, 105]. The
usability judgement is a temporary, subjective and rough evaluation, since data should
be collected rapidly and in a simple and significant way. The final result is strongly
affected by the experience of the surveyor. The form-based assessment was especially
adopted for the seismic vulnerability and damage of churches, due to their complex
structural nature.
The first important experience for the analysis of the seismic response of churches
in Italy was the earthquake occurred in Friuli region in 1976. The data of damaged
churches were collected and classified in a systematic way for the first time [48].
Their interpretation allowed the definition of macro-elements as structural elements
independent from the rest of the building. The collapse mechanism that occurs in a
seismic scenario helps to identify macro-elements, which do not necessarily coincide
with architectural elements. From that experience, the collapse mechanisms were
identified for each church and the most frequent damages situations were identified.
In 1987 a form was conceived for the evaluation of the vulnerability of churches,
called GNDT Model S3. It was born to be used after the Parma earthquake occurred
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in 1986. It reported the main collapse mechanisms for churches, and some years later
it was modified and completed with additional collapse mechanisms. It was used for
the earthquakes occurred in Emilia Romagna in 1996, in Umbria and Marche in 1997
and in Pollino region in 1998 [106, 107].
In 1997 a M5.8 earthquake struck Umbria and Marche regions causing damages
to more than one thousand historic churches. In a new version of the form, sixteen
collapse mechanisms were identified in order to provide a significant and quick
evaluation of the occurred damages. The main sections of the form were organized as
follows:
• geometrical and typological data;
• damage to artistic assets;
• damage and vulnerability;
• masonry characteristics and texture;
• usability.
The damage index and the vulnerability index are defined: the first one is a number
between 0 and 1 for measuring the average damage of a church:
id =
1
3N
16∑
k=1
dk (2.1)
where dk is the damage level of the k-mechanism (between 0 and 3) and N is the
number of possible mechanisms likely to occur in the church.
The vulnerability index is given by:
id =
1
2N −m
16∑
k=1
vk (2.2)
In the expression, m is the number of vulnerability situations not evaluable (e.g. due
to closed or dangerous zones) and vk is a vulnerability sub-index related to the k-
mechanism (between 0 and 2).
Nevertheless, the form had several weak points, for the difficulty to evaluate damages
and vulnerability for large churches. Relating to damages, it was possible for instance
to confuse damages concentrated in one vault or chapel with a general spread damage
to vaults. Moreover, it was not possible to consider the role of consolidation interven-
tions for the determination of the vulnerability index. This necessity led to an updated
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form in 2001. It contains two extra damages mechanisms: the longitudinal seismic re-
sponse of central naves and that of lateral naves and the transept. A new version, called
“second level form”, followed in 2002 after the Molise region earthquake [108]. The
main difference consisted in the number of collapse mechanisms, increased from eigh-
teen to twenty-eight. This allows to surveyors having additional parameters in order
to better judge the usability of churches. In addition, the section reporting geometrical
data was extended to include larger churches (three or more naves). The expression of
the damage index changes as follows:
id =
1
5
·
N∑
k=1
ρk · dk
N∑
k=1
ρk
(2.3)
where:
- ρk is the weight associated to damages evaluated for the k-mechanism;
- dk is the damages level evaluated for the k-mechanism, in accordance with the
methodology of EMS98 [9, 104] and is between 0 (no damage) and 5 (collapse);
- N is the number of possible mechanisms that could occur in the considered church,
N ≤ 28.
A remarkable change from the previous version was the association of a weight ρk to
the mechanisms, with the purpose of better calibrating the assessment of the damages
index. In addition, it was possible to distinguish damages due to the earthquake (actual
damage) or occurred previously (for previous earthquakes or bad static conditions).
Moreover, the evaluation of the vulnerability index was more complex, including the
effect of safety features installed for the consolidation of the church:
id =
1
5
·
28∑
k=1
ρk · (vki − vkp)
28∑
k=1
ρk
+
1
2
(2.4)
vki and vkp are respectively the score obtained from the survey of vulnerability indica-
tors and of safety features, defined with specific criteria.
The form was again improved into the so-called A-DC model (Italian Adm. Ord.
2006) and used in the last earthquakes that struck Abruzzo region in 2009 and Emilia
Romagna region in 2012. The A-DC model was part of a wider project in which two
more models were related to the assessment of historical buildings (B-DP Model) and
artistic assets (C-BM Model). It is subdivided into two main sections: the first one
is related to the identification and the description of the structure, and the second one
dedicated to the damages survey, to the safety assessment, to possible interventions
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and to a concise estimation of their costs. The number of the collapse mechanisms
is the same as the previous version. The A-DC model, indeed, identifies 28 possible
kinematic mechanisms and grades the damage on five levels, according to the Euro-
pean Macroseismic Scale (EMS-98) [104]. The damages index is defined as a number
between 0 and 1 to measure the average damages of the church under examination:
id =
1
5n
n∑
k=1
dk (2.5)
dk is the number related to the damage of the k-mechanism, between 0 and 1; n is
the number of possible mechanisms ≤ 28. Similarly to the forms used for civil build-
ings, the usability judgement is largely dependent on the experience of the surveyor.
The damage index is somehow related to the usability assessment and to an estimation
of the costs of restoration. Although it is impossible to fix a threshold value for the
damage score directly associated with usability, Lagomarsino et al. [109] showed that,
after the Umbria-Marche earthquake, almost all churches with d > 0.3 were judged
unsafe. The damage index is useful to determine the priority of interventions and the
quick installation of safety features, for all the churches affected by seismic events.
As it was seen, the vulnerability index is a fundamental parameter to assess the pre-
disposition of churches or monumental buildings to be damaged by a seismic event,
especially for a large scale evaluation. A probabilistic approach, named macroseismic
approach, was performed [109] to obtain vulnerability curves based on the observed
vulnerability of churches damaged by earthquakes of different intensity. This pro-
cedure may be coupled with a mechanic approach, based on the capacity spectrum
method. It consists in considering a church as an equivalent one-degree-of-freedom
(nonlinear) system; the capacity curve should be obtained with push-over analysis,
but for the first evaluation (the so called level 0 and 1) simplified analysis might be
performed [110]. Naturally, the latter approach seems to be suitable only for a rough
interpretation of seismic vulnerability. The mechanic approach is in general based on
the definition of macro-elements and in the identification of a collapse multiplier or a
PGA which leads to collapse for a linear analysis. Moreover, for nonlinear analysis,
the evaluation is made in terms of displacements. In both cases the dynamics of rigid
bodies, which form macro-elements, is involved. These aspects will be extensively
commented in § 4 and in § 5.
Several advanced approaches were recently proposed to assess the seismic perfor-
mances of historic buildings. Most of them are part of the PERPETUATE project
[111, 112], aimed to develop European Guidelines for the evaluation and mitigation of
seismic risk of cultural heritage assets. Among others, the LOG-IDEAH (LOGic trees
for Identification of Damage due to Earthquakes for Architectural Heritage [113]),
rocking approaches of masonry elements [114] were proposed.
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3 A trusses macro-element for vaulted systems and its
application on historic churches
3.1 Motivation
The role of vaulted systems in historic churches might be not negligible in the
overall structural response, therefore the necessity of their modelling emerges. Often,
vaults are not at all modelled in 3D models or rigid diaphragms are considered in
place of them [5]. This has been shown to produce not reliable results in terms of
natural frequencies, participating masses and mode shapes [61]. Nevertheless, vaults
modelling is often time-consuming and might not be always required to just obtain
the dynamical characterization of the building for the identification of macro-elements.
Simplified models with trusses equivalent to vaults (or Vaults Equivalent Trusses,
VET) are hereby presented to provide an intuitive and fast tool for designers who
need to model them in global analysis of historic structures. The procedure follows
the meaning of simplification proposed in the macro-elements approach applied to
masonry structures [82, 115, 116, 117, 118]. Moreover, as will be shown in the
case study (§ 3.6), strengthening devices efficiency might be evaluated, for instance
analysing the effect of steel ties or other reinforcements able to improve the seismic
response in terms of reduction of relative displacements in vault supports. However, it
should be noticed that, for local analysis, more sophisticated approaches are required,
for instance modelling vaults with FE models or limit analysis (§ 2.6).
The procedure may naturally be extended to all historic buildings or monuments
having similar vaulted configurations.
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3.2 Vaults Equivalent Trusses (VET) definition
The simplified model of vaults equivalent trusses (VET) is made up by six equivalent
trusses whose stiffness is calculated imposing a displacement δ and computing the sum
of reaction forces F returned by the system. Figs. 3.1 and 3.2 display six trusses AB-
BC-CD-AD-AC-BD: diagonals AC-BD have stiffnessKd and area of cross sectionAd,
whereas longitudinal AD-BC (transverse AB-CD) trusses have respectively stiffness
Kl (Kt) and area Al (At). The generic vault has in-plan dimensions L1 and L2, rise
f and thickness t. Let us define α as the angle between the horizontal direction and
the diagonal, δ1 the imposed displacement in horizontal direction and F1 the sum of
reaction forces at the fixed nodes A and B. Displacements are assumed to be small so
that α ∼= α′. The points C and D respectively move in C ′ and D′ being the boundary
conditions rollers along the horizontal direction.
In the event that both compression and tension trusses are considered the diagonal
stiffness is obtained by the following expression:
Kd =
|F1|
|δ1|cos2α (3.1)
In the case that only-tension or only-compression diagonal trusses are taken into ac-
Figure 3.1: Diagonal stiffness calculation in case of compression-tension trusses
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Figure 3.2: Longitudinal/transverse stiffness calculation
Figure 3.3: Diagonal stiffness calculation in case of only-tension truss
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count, Fig. 3.3, the stiffness is simply doubled with respect to Eq. 3.1. However, that
case is not further considered since the dynamic response in oscillation range requires
two resistant elements depending on the action sign. It is worthy to notice that, rig-
orously, it is not proper to consider the tensile response of a masonry arch, but in this
abstraction the tensile behaviour has to be intended within the concept of the full vault
response. Moreover, the method is applied in global analysis just in linear range; the
choice is justified from the need to identify the dynamic response in a way as simple
as possible. Indeed, by fixing a specific nonlinear law, outcomes could be valid only
for the case under consideration. Moreover, modal analysis has been shown to be a
useful tool to identify macro-elements in churches although performed in linear range.
Finally, one of the main aim of the proposed technique is to make comparisons with
the purpose of quantifying the benefit derived by the installation of safety devices such
as tie-rods, therefore the linear range is a reliable hypothesis to perform those checks.
In order to faster implement trusses in numerical analysis and have a direct compar-
ison with possible steel tie-rods to insert in vaults, the stiffness may be translated in
equivalent cross section area:
Ad,eq =
KdLd
E
(3.2)
or equivalent diameter:
dd,eq = 2
√
KdLd
piE
(3.3)
where E is the Young modulus of the considered material and Ld the diagonal truss
length. The steel will be considered as reference material since temporary and pre-
ventive steel tie-rods will be considered in the application cases [119, 120]. Similarly
the longitudinal equivalent stiffness, area and diameter are obtained, with reference to
Fig. 3.2: 
Kl =
|F2|
|δ2|
Al,eq =
KlL2
E
dl,eq = 2
√
KlL2
piE
(3.4)
Obviously, if δt the imposed displacement in transverse direction, Lt the transverse
length, that in Fig. 3.2 would be L1, and Ft the sum of reaction forces along the trans-
verse direction, it holds: 
Kt =
|Ft|
|δt|
At,eq =
KtLt
E
dt,eq = 2
√
KtLt
piE
(3.5)
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3.2.1 Boundary conditions
The boundary conditions are relevant in the calculation of the vaults equivalent stiff-
ness. Displacements applied to compute diagonal stiffness computations may regard
a set of nodes which belong to the whole lateral profile of the arch, Fig. 3.4a, or to a
limited number of nodes nearby supports, Fig. 3.4b.
For vaults having in-plan dimensions L1 ∼= L2, results are not so sensitively affected
by the extension of the profile to which displacements are applied. That is a useful
outcome since even if Sabouret’s cracks are present between the arch profile and the
adjacent structures, the modelling technique does not influence stiffness values. In
general, boundary conditions have to be applied depending on the real connections
between vaults. Let us consider a barrel vault which is frequent as roof of basilica
churches in central naves, Fig. 3.5a. Supposing a dynamic response in transverse di-
rection - the most flexible - there is the need to idealize the continuous imposts profile
that connects the vault to vertical walls. Indeed, if the global barrel vault is considered
(Fig. 3.5b), the internal points along imposts are not restrained and free to move, in
contrast with the real behavior. Thus, the barrel vault might be idealized as a set of
sliced barrel vaults (Fig. 3.5c). A criterion to define their center-to-center distance is
the location of lateral nave spans. If the vault has lunettes with fixed center-to-center
distance, sliced barrel vaults with lunettes are alternated with sliced barrel vaults with-
out lunettes. Therefore, in the case of sliced barrel vault it is necessary to consider all
nodes of the transverse arch profile, since these nodes are common to adjacent sliced
vaults (Fig. 3.6).
3.2.2 Effect of gravity loads
Gravity loads may be considered in computing the vaults transversal or longitudinal
stiffness, modifying the consequent thrust of arches and therefore the reaction forces.
Figure 3.4: Boundary conditions with imposed displacements in all profile arch nodes (a) or
in a limited part of it (b)
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Figure 3.5: Barrel vault (a) idealized with two diagonal trusses (b) or more (c) depending on
the number of lateral naves spans
Figure 3.6: Boundary conditions for sliced barrel vault in case of definition of transverse
stiffness
If gravity loads are considered and a nonlinear behavior is assumed for masonry, the
stiffness is clearly different whether compressive or tensile states are evaluated in im-
posing displacement. Nevertheless, in the present case only a linear behavior is inves-
tigated. Since the arithmetic mean of stiffness in tension and in compression has to be
considered in the simplified VET models (namely, imposing δ in Fig. 3.7, positive or
negative), the effect of gravity loads is automatically vanished.
Nevertheless, the influence of additional masses in the simplified VET models, simu-
lating the removed vaults, was investigated. As explained in § 3.6.2, this causes too
low natural frequencies of the whole church. Moreover, additional masses induce local
vibrations with incorrect participating masses, which could invalidate the reliability of
the simplified model. Finally, vaults masses are negligible with respect to the overall
masonry mass and therefore not decisive for interpreting the whole building response.
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Figure 3.7: Effect of self-weight in the definition of stiffness
3.3 Parametric analysis: aims and modelling techniques
In the present paragraph parametric analyses of different types of vaults are discussed,
both in linear and non-linear ranges. The analysis purpose is of taking into account the
role of vaulted systems in an extremely simplified manner, with a strong reduction of
computational time. The finite element models are made of 8-nodes (quadratic) shell
elements and are implemented in Abaqus CAE 6.12 [121]. These elements, called S8R,
are based on the Mindlin-Reissner theory. The average mesh size is 10-15 cm.
3.3.1 Mechanical and geometrical properties
The fundamental mechanical properties considered in the parametric analyses are
listed in Table 3.1. These values are typical for bricks and mortar masonry and are
obtained from the Italian code for existing masonry structures [3]. Typical dimensions
of vaulted systems of churches are considered, with L varying between 3 and 6 m and
f/L between 0.2 and 0.5 (semi-circular shape). The thickness taken into account is
that typical for vaults in churches: 3 cm, 6 cm and 12 cm. Moreover, a flat horizontal
panel (f/L = 0) was considered to compare the vaulted systems to diaphragms only
working in-plane (plane stress).
Table 3.1: Properties of groin vaults for parametric analysis
E (MPa) ν (-) γ (kN/m3)
1500 0.15 18
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3.3.2 Groin vaults
Groin (also named cross) vaults are very widespread in the architecture of churches
and in general in historic masonry buildings. They result from the intersection of
barrel vaults with same or different radius. Groin vaults may have ribbing arches at the
four external sides and within the intersection of barrel vaults (diagonal arches).
For an in-depth dissertation about vaults building techniques refer to [122].
In the present paragraph, vaults equivalent trusses (VET) are defined for square plan
groin vaults, namely L1 = L2. The behaviour of masonry is supposed to be linear.
By following the procedure explained in § 3.2, diagonal and longitudinal stiffness of
equivalent trusses are computed, neglecting gravitational loads (§ 3.2.2). The resulting
graphs show also the value of equivalent steel diameter to have an idea of which cross
section is equivalent to the vaults. The imposed boundary conditions are depicted in
Fig. 3.8.
Figure 3.8: Boundary conditions for the determination of diagonal and longitudinal/transverse
stiffness
Figs. 3.9 and 3.10 respectively display the equivalent stiffness and diameter of the
diagonal trusses. As expected, the values of both equivalent stiffness and diameter
are larger for higher thickness t and/or lower ratio f/L. It emerges that, by keeping
the f/L ratio constant, the equivalent stiffness decreases with a rate similar to that of
larger vault thickness - increasing the in-plan dimension L. Indeed, by increasing L
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from 300 cm to 600 cm, the equivalent stiffness is generally reduced by about 50%.
It may be noticed that, for instance, the diagonal (steel) truss diameter for a groin
vault with f/L = 0.4 and t = 3 cm varies from 2 mm to about 8 mm for a vault
with f/L = 0.4 and t = 12 cm, thus a linear trend is recognized with respect to
the thickness (Fig. 3.10). In addition, for a thickness t = 3 cm and in-plan length
L = 400 cm, passing from f/L=0.33 to 0.4 (increase by 21%), a reduction by about
45% (
√
0.21=0.45) is obtained (from 3.6 to 2.0 mm, Fig. 3.10). The relation between
equivalent diameter and stiffness is indeed non-linear. However, the equivalent steel
diameter does not appreciably change increasing L and with f/L constant, since it is
proportional to the square root of the product K · L.
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Figure 3.9: Equivalent diagonal stiffness for groin vaults with different t and f/L
By considering the comparison with flat panels, that is f/L = 0, and assuming L =
300 cm, one can notice that the flat panel stiffness is one order of magnitude higher than
the case f/L = 0.3 (Fig. 3.11). Consequently, modelling vaults as flat panels leads
to wrong results even for low values of f/L. Moreover, the reduction of equivalent
stiffness is higher - and non-linear - for larger thickness.
For what concerns longitudinal/transverse stiffness, the values for flat panels are
slightly lower than those found in the diagonal stiffness computation (Figs. 3.13, 3.14).
3.3 Parametric analysis: aims and modelling techniques 47
14.02 14.22
15.72 14.40
2.04 2.04 2.01 1.98
4.05 4.13 4.14 4.13
7.68 7.96 8.09 8.18
3.59 3.58 3.92 3.59
7.22 7.21 7.93 7.17
0
2
4
6
8
10
12
14
16
18
300 350 400 450 500 550 600
Eq
ui
v
. 
di
am
et
er
 
(m
m
)
L (cm)
Equivalent steel diameter vs L
f/L=0.33, t=12cm f/L=0.4, t=3cm f/L=0.4, t=6cm
f/L=0.4, t=12cm f/L=0.33, t=3cm f/L=0.33, t=6cm
Figure 3.10: Equivalent diagonal steel diameter for groin vaults with different t and f/L
Figure 3.11: Equivalent diagonal stiffness for groin vaults with L = 300 cm
3.3.3 Dome vaults: linear parametric analysis
Dome vaults are widespread in historic churches, for both lateral naves, apse and
chapels. A parametric analysis has been performed to assess the diagonal equivalent
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Figure 3.12: Equivalent diagonal steel diameter for groin vaults with L = 300 cm
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Figure 3.13: Longitudinal/transverse equivalent stiffness for groin vaults with L = 300 cm
stiffness of dome vaults having constant thickness t = 6 cm and different values of
side arches thickness. The analyzed typology is present in the St. Frediano church,
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Figure 3.14: Longitudinal/transverse equivalent steel diameter for groin vaults with L =
300 cm
the case study to which the method is applied (§ 3.6). For the adopted mechanical
properties refer to § 3.6.1. Three different geometric and material configurations were
considered:
1. square plan 370x370 cm and height at the crown 260 cm, bricks and mortar
masonry, loaded along the longitudinal direction;
2. square plan 370x370 cm and height 260 cm (DV1), bricks and mortar masonry
for dome vault and stone masonry for side arches, loaded along the longitudinal
direction;
3. rectangular plan 430x370 cm and height 260 cm (DV2), bricks and mortar ma-
sonry; stiffness calculated along the longest direction.
The second dome vault is not totally symmetric, since the side arches along the lon-
gitudinal direction have a width of 40 cm and along the transverse direction of 20 cm
(Fig. 3.15). All side arches have half height with respect to the in-plan dimension,
resulting in a ratio f/L equal to 0.5.
The considered boundary conditions are pinned nodes at the pendentives base
(Fig. 3.16a) and displacements imposed to the side arch profile (Fig. 3.16b).
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Figure 3.15: Dome vault: thickness and width of side arch
(a) Pinned nodes
(translational dof=0)
Equal for all cases
(b) Profile arch nodes
(imposed displacement)
“Constrained”
(c) Pendentives nodes
(imposed displacement)
“Unconstrained”
Figure 3.16: Boundary conditions applied to the dome vaults of the St. Frediano church
Additional analysis were performed changing the nodes to which displacement is im-
posed, supposing a situation in which Sabouret’s cracks are present and a continuous
connection between the side arch and the wall is not guaranteed (Fig. 3.16c). That
aspect and the presence of gravitational loads influence the value of longitudinal and
transverse stiffness, since the vault thrust is directed in horizontal direction (§ 3.2.2).
Therefore, the parametric analysis considered or neglected gravity loads and assumed
both the “Constrained” or “Unconstrained” cases. In all the cases, “compressive” ac-
tion was applied (imposed displacement as in Fig. 3.7). Results are shown in Fig. 3.17.
For the inclusion of equivalent trusses in the FE model, the equivalent stiffness is the
average value between that obtained in the “compressive” case and that calculated
for the “tensile” case (much lower if non-linear analysis is carried out or gravity is
included), or negative/positive imposed displacement, since a linear analysis is consid-
ered.
The lowest stiffness is obtained in absence of gravity and in the “Unconstrained” case,
as expected (Fig. 3.17). If the shape ratio L1/L2 is different from 1 (in this case, for
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Figure 3.17: Longitudinal/transverse stiffness for the dome vaults of the St. Frediano church
DV2, 370/430=0.86), the stiffness might be higher or lower depending on the case:
in general, along the longest direction (namely 430 cm) the vault is less stiff for the
bending effect, with the exception of the ‘Unconstrained” case in which gravity is
considered, due to local bending effects.
Naturally, if the side arches thickness is larger, the equivalent diagonal stiffness in-
creases: that trend is basically linear (Fig. 3.18). The vaults not having square plan are
less stiff along the direction of longest length, Fig. 3.19. Fig. 3.18 and Fig. 3.19 have
been obtained without gravity and in the “Unconstrained” condition. For the adopted
values of equivalent stiffness in the case study refer to § 3.6.
3.3.4 Dome vaults: non-linear parametric analysis
Non-linear static analysis has been performed on the dome vaults (described in
§ 3.3.3) of the St. Frediano church. The geometric characteristics are the same used
for linear analysis, with a side arches thickness equal to 40 cm. For what concerns the
nonlinear behavior, a brittle failure is assumed for tensile state, with a tensile strength
equal to 0.01 MPa for all materials that compose the vaults, bricks and stone. Instead,
compressive strengths are assumed equal to 3.2 MPa for bricks and 7.0 MPa for stone.
The compressive elastic-plastic behavior is shown in Fig. 3.20.
Fig. 3.21 displays the relationship force (or equivalent diameter)-displacement for
the dome vault of the lateral nave with plan dimensions 370 × 370 and height at
the crown equal to 260 cm. In this case, the condition depicted in Fig. 3.16b was
considered, and gravity included. Notice that, considering a nonlinear behavior, the
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Figure 3.18: Equivalent diagonal stiffness for dome vaults with different arches thickness (no
gravity and “Unconstrained” condition) according to Eq. 3.1
equivalent stiffness and diameter strongly decrease after a displacement of the order
of millimiter: thus, if the structural response of the vault itself has to be evaluated,
its non-linear behavior is not negligible. The equivalent diameter passes from about
22 mm to 11 mm and from 17 mm to 7 mm respectively for the diagonal and the
longitudinal (or transverse) trusses. The last value is registered at the maximum
displacement for which the convergence is obtained, that is 0.06 cm. The reduction in
equivalent diameter is then between 50% and 60%.
For the dome vault with plan dimensions 430 × 370 and height equal to 260
cm, namely the vault type 2 in the St. Frediano church, results are reported in
Figs. 3.22, 3.23. If the projection of the vault in the horizontal plane is not a square
the reduction of equivalent diagonal diameter does not significantly change, since at
about 0.06 cm it is 11 mm like the previous case. The reduction is less rapid, being the
initial equivalent diameter equal to about 19.2 mm. The values of equivalent diagonal
stiffness is not influenced by the presence of gravity.
By contrast, the equivalent transverse and longitudinal diameters are much lower in
the case that gravity is not considered, being less than 4 mm at 0.06 cm (Fig. 3.23).
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Figure 3.19: Equivalent steel diagonal diameter for dome vaults with different arches thickness
(no gravity and “Unconstrained” condition) according to Eq. 3.1 and Eq. 3.3
Also, the initial values of equivalent diameter, 7.8 mm (transverse) and 6.7 mm
(longitudinal), which may be obviously obtained from linear analysis, are less than
half of that of the square plan vault (16.7 mm). A shape ratio lower than 1, then,
decreases the vault stiffness just in the longitudinal and transverse direction. Refer to
§ 3.6.1 for further remarks on the nonlinear response of equivalent trusses.
3.3.5 Barrel vault with infill
A nonlinear analysis adopting the same nonlinear behavior supposed for bricks and
mortar masonry (Fig. 3.20) was performed for a barrel vault having span 1.84 m, rise
of 0.92m (f/L = 0.5) and 6 cm thick. A vault with these dimensions is located in
the Beata Vergine Annunziata church, analyzed with the energy dissipation method in
§ 6.8. The barrel vault imposts are connected to the main façade; for that reason, it
is interesting to calculate the equivalent transverse stiffness, which will be used in the
rocking analysis of § 5.
Fig. 3.24 displays the effect of the infill (considered of the same specific weight as the
masonry one, 18 kN/m3) located from an angle α = 0 to α = 40 deg (Fig. 3.25). The
stiffness is obviously larger in compression (inward displacement) than in the tensile
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Figure 3.20: Non-linear constitutive law for nonlinear analysis of dome vaults
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Figure 3.21: Dome vault 370 × 370 × 260 (type 1): force-displacement and equivalent
diameter-displacement (if the displacement is imposed along longitudinal direction)
case (outward displacement).
It is worth noting that the stiffness increases only by 10% if the infill is considered in
both cases, thus the difference is not significant.
3.4 Comparisons between full and simplified models with VET
In this paragraph, comparisons between full models, namely models where the vaults
are modelled in their as-built configuration with finite elements, and those with Vault
Equivalent Trusses (VET) are discussed. The purpose is of assessing if the simpli-
fication procedure is able to correctly catch the seismic behavior of the church and
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Figure 3.22: Dome vault 430 × 370 × 260 (type 2): nonlinear static analysis (diagonal truss,
displacement imposed along longitudinal direction)
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Figure 3.23: Dome vault 430 × 370 × 260 (type 2): force-displacement and equivalent
diameter-displacement (transverse and longitudinal trusses) for unconstrained lateral profile
and no gravity
therefore to verify it. The calibration can be made with modal, response spectrum and
time-history analysis. In the next pages these methods are described and commented.
3.4.1 Modal analysis
The modal analysis is the simplest tool that analysts have at their disposal to get first
information about the most critical macro-elements in the church under examination.
Although it is a simplified method that does not take into account the masonry non-
linear behavior, it offers information about the dynamic response of the building. More
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Figure 3.24: Barrel vault span 1.84 m, rise of 0.92 (f/L = 0.5) and 6 cm thick; nonlinear
analysis with gravity loads
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Figure 3.25: Infill action from α = 0 to α = 40 deg
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in detail, a better response is expected if the modes response is smooth (namely, trans-
lational modes are obtained and torsional effects are limited).
For complex buildings like churches, especially for the absence of rigid diaphragms,
the number of modes required to obtain a considerable amount of participating mass is
high and their single participating masses are very low. That is correlated to the pres-
ence of macro-elements, whose role in churches is described in § 2.4. The mode shapes
suggest to the analyst which macro-elements mechanisms might be more critical, en-
couraging a more effective kinematic or dynamic local analysis. For its simplicity, the
modal analysis has been considered as first tool to compare full models and those sim-
plified with VET. Comparisons are made in terms of natural frequencies, participating
masses and mode shapes.
3.4.2 Response spectrum analysis
Response spectrum analyses (RSA) were performed for full models and simplified
models with VET, but results were demonstrated to be not significant for such com-
plex buildings as churches. Indeed, a large scattering of modes with low participating
masses may be seen and it results in uncertainties of defining a correct way to combine
results. Indeed, absolute value summation, Complete Quadratic Combination (CQC)
[123] and Square Root of the Sum of the Squares (SRSS) often give different out-
comes. The most conservative method to combine results is the sum of the absolute
values of the modal analysis ones. On the other hand, the SRSS method assumes
that all modal values are statistically independent, assumption not justified for three
dimensional structures, in which a large number of frequencies are almost identical
[124]. Consequently, for churches, the most correct way to combine results would
seem to be the CQC, since natural frequencies are very close each others. However,
due to the above mentioned uncertainties in defining the correct way to combine re-
sults, outcomes from the response spectrum analysis are not illustrated.
3.4.3 Time-history analysis
Transient analyses are more significant than RSA inasmuch as dynamic equilibrium is
satisfied at each time step [124]. Indeed, in the RSA the information of the time in
which maximum values of acceleration occur is missing, and combining results will
lead to sometimes too much approximate outcomes. Time-history analysis based on
time step integration is often the most reliable approach to evaluate a finite element
model dynamic response, provided that the damping value and the stress-deformation
relationship are accurately considered, as well as material properties. Nevertheless, in
the present cases, a linear constitutive law is considered for masonry, due to the high
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number of degrees of freedom and of calculations to be performed for understanding
the overall behavior in a significant fashion. Secondly, this hypothesis was adopted
for the intrinsic meaning of simplification that characterizes the method, focused to
recreate the dynamic global behavior in presence of vaulted systems.
Transient analyses are then performed, both in the current (as-built) state and in a reha-
bilitated situation. The latter is considered as the current state modified with preventive
and temporary safety features such as steel tie-rods [119, 120, 125].
All time-histories analyses are performed in presence of damping, hereby assumed as
Rayleigh ratio. The damping matrix is expressed as a sum of mass and stiffness pro-
portional terms, with two constants to be specified in terms of desired modal damping
ratios. The damping ratio for tangent-stiffness Rayleigh damping for a SDOF system
is given by:
ξ =
1
2
(
α
ωn
+ βωn
)
(3.6)
where ωn is the circular frequency, whereas α and β are the coefficients associated with
mass proportional and stiffness proportional damping respectively. If one specifies the
same value of damping ratio ξ at two main different frequencies, values of α and β
may be calculated.
In the following damping parameters are chosen to obtain an equivalent damping ratio
of 5% according to the procedure explained by Priestley and Grant [126]. The value
of 5% looks reasonable as mean value that takes into account also frictional effects.
The two main frequencies are identified as those having the largest participating mass
in the longitudinal and transverse direction of the church.
To define a reliable damping factor for masonry structures is a challenging issue. Sev-
eral studies were performed in the past trying to infer the damping ratio from experi-
mental tests on shaking table. Values ranging from 2% to 10% are normally suggested
for masonry structures [126]. Higher damping ratios should be adopted in case of ul-
timate limit state since relevant damages and flexural response are expected. Instead,
when shear behaviour is likely to happen and lower intensity earthquakes are consid-
ered, one should choose lower damping ratios.
In the time-history analysis, equations of motion are solved with the implicit method
in Abaqus CAE 6.12 [121], once that spectra-compatible or natural seismic inputs are
fixed.
3.5 Application to a single-nave church
The Vaults Equivalent Trusses method is applied to a single-nave church, St. Venerio,
located in Reggiolo (Reggio Emilia, Emilia Romagna), a village struck by the May
2012 Italian earthquake.
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3.5.1 Architectural features and VET definition in the St. Venerio church
The St. Venerio church was erected in the 18th century in Reggiolo, a city about 20
km far from the epicenter of the earthquake that struck the Emilia Romagna Italian
region in 29th May 2012. The single-nave church is isolated and its rectangular plan is
18.6x7.7 m (Fig. 3.26). The main neoclassic façade is oriented to north-west (Fig. 6.12)
with maximum height of 11 m. A single-leaf semi-spherical dome (span about 6 m,
rise 3 m) covers the central part of the nave; the material is homogeneous mortar and
bricks masonry, often used in the nearby area for similar historic chapels, with bricks
dimensions 32x16x6 cm. Seven arches, five of them equipped with steel tie-rods,
are located at four sides of the building. A timber roof, partially collapsed during
the earthquake, completes the structure. A Romanesque style bell tower, having plan-
dimensions 2.4x2.4 m , is structurally independent from the church. For the description
of the damages caused by the earthquake and of the finite element model the reader is
referred to § 6.7.
Figure 3.26: St. Venerio church plan (measures in m)
In the church there are two typologies of vaults, 6 cm thick, and a composition of
arches that form barrel vaults. These are:
• a dome vault 6.60x6.60x4.10 m (plan longitudinal length, plan transverse width
and rise at the crown respectively) at the centre of the church;
• 4 barrel vaults, two in the longitudinal direction and two in the transverse one
(span 6.60 m, rise 3.30 m). These are constituted by 32 cm thick arches alter-
nated with 6 cm thick arches (Fig. 3.28);
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Barrel 1
Barrel 2
Barrel 3Barrel 4 Dome
A
pse
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Figure 3.27: Vaults and arches in the St. Venerio church
32 cm-thick arches 6 cm-thick arches/vaults
Figure 3.28: Roofing system thickness
• 1 apse arch, span 5.75 m and rise 2.90, 32 cm thick;
• an apse hemispheric vault 5.60 m wide, 6 cm thick.
Some of the arches have steel tie-rods. Their features and location are displayed in
Fig. 6.17.
Fig. 3.29 and Fig. 3.30 show the plan configuration of the equivalent trusses. A similar
disposition is assumed for the two longitudinal barrel vaults (n.3 and 4 in Fig. 3.27).
Thus, the barrel vaults are considered as unicum even though they are formed by
arches with different thickness. This way, just one transverse equivalent truss is
defined for each barrel vault. In the apse no diagonal and transverse equivalent trusses
are included, for the uncertainties in defining them. A similar assumption is made for
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Figure 3.29: VET Disposition in the St. Venerio church for the dome vault
the two barrel vaults (n.1 and 2 in Fig. 3.27) in diagonal direction due to their poor
effect in that direction. However, this simplification is acceptable since simulations
were performed also including them and they did not show any differences in the
overall response.
A strong dependency on the different number of nodes to which displacement is im-
posed was found in the calculation of the diagonal stiffness (Fig. 3.31). The diagonal
stiffness Kd is calculated with the already mentioned expression:
Kd =
|F1|
|δ1|cos2α (3.7)
Since there is a pair of diagonal trusses representing the vault and the analysis is linear,
this value has to be divided by two. For the modal analysis Sabouret’s cracks with α
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Figure 3.30: VET Disposition in the St. Venerio church: apse arch and barrel vault
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Table 3.2: Vaults equivalent trusses in the St. Venerio church (deq [mm] and Keq [daN/cm] -
constrained case and average between tensile and compressive action with gravity)
Element Keq deq Keq/2 deq(Keq/2)
D
om
e
va
ul
t diag(α = 10
◦) 7065 20.0 3533 14.1
diag(α = 20◦) 13416 27.6 6708 19.5
diag(α = 30◦) 18573 32.4 9286 22.9
diag(α = 90◦) 69895 62.9 34948 44.5
transv./long. 39188 39.6 19594 28.0
B
3-
B
4 diag. 722576 202.2 361288 143.1
trasv. 26028 32.3 13014 22.8
B1−B2 transv. 26028 32.3 13014 22.8
Apse arch transv. 19666 26.1 9833 18.5
Edge 4Edge 3Ux = Uy = Uz = 0
(pinned)
Edge 2
Uz=0
Ux = Uy =0
(same as edge 4)
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Figure 3.31: Influence of Sabouret’s cracks (different number of nodes to which displacement
is imposed to calculate the stiffness) on the diagonal stiffness of the main dome vault in the St.
Venerio church
equal to 20◦ were assumed.
In Table 3.2, equivalent stiffness values are reported for the dome vault and the arches,
calculated according to the procedure illustrated in § 3.2 and in § 3.3.3.
3.5.2 Modal analysis
In the as-built (current) state, two models have been considered, one with steel tie-rods
(actually present) and one without, to examine their effective contribution to the overall
dynamic response. Outcomes in terms of natural frequencies and participating masses
are similar (Table 3.3). That consideration emerged also for a basilica church in spe-
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cific studies [119]. However, this consideration is almost obvious if ties are disposed
only in longitudinal or transverse direction, as is. Nevertheless, if ties were disposed
in diagonal direction, the global stiffness would probably change.
An amount of forty modes is necessary to reach the 80% of the total mass. It follows
a relevant scattering of modal masses, especially in longitudinal direction X, typical
situation for irregular buildings such as churches [5]. The first mode has the largest
participating mass along Z (transverse): it is clearly visible a relative vertical displace-
ment between the two couples of pendentives of the central vault (Fig. 3.32a). Its
dynamic participation is also evident from the second mode (Fig. 3.32c,d).
The main mode in longitudinal direction suggests an overturning mechanism of the
façade, which undergoes larger relative displacements (Fig. 3.32b). The modal anal-
ysis therefore shows the vulnerability of the central vaults and the possibility of out-
of-plane mechanisms. In addition, out-of-plane mechanisms are possible also for the
southern and northern façades, whose safety assessment would be necessary with a
local analysis.
The comparison with the VET model is made with reference to the as-built state with
ties. Therefore, also in the simplified model the existing ties are included in the model
as axial connectors (see for the element type § 6.7.2). A parametric analysis showed
that, by changing the value of the vaults stiffness (Table 3.2), the most influencing
value, especially for the transverse response (first mode), is the diagonal stiffness of
the main dome vault.
Table 3.3: Effective masses of main modes for the St. Venerio church (with and without steel
tie-rods)
Mode Frequency [Hz] EMX [%] EMZ [%] EROTY [daNcm/s2]
N
o
tie
s 1 3.6 0 55.4 9.4E+07
5 6.8 11.7 0 6.3E+06
12 9.8 20.6 0 1.1E+07
Ti
es
1 3.6 0 55.4 9.4E+07
2 6.1 25.8 0 1.4E+07
12 10.0 18.2 0 9.8E+06
By assuming a configuration where the effective lateral arches of the dome vault are
from the pendentives to an angle α = 20 degrees, one has an equivalent diagonal
stiffness of 6707.8 daN/cm. Using this value, the modal analysis shows outcomes very
similar in terms of natural frequency to those of the full-modeled church (Table 3.4).
A difference between the two models is that the mode along the transverse (Z) direc-
tion is “divided” into two modes, the first (Fig. 3.33) and the second (Fig. 3.34). An
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24b).  From these considerations, we may conclude that also modal analysis qualitatively 
shows the vulnerability of the central vaults and the possibility of out-of-plane mechanisms.  
Table 3: Main modes for St. Veneriochurch (with and without steel tie-rods). 
mode frequency EMX (%) 
EMZ 
(%) 
EROTY 
(daNcm/s2) 
No ties 
1 3.6 0 55.36 9.36E+07 
5 6.75 11.66 0 6.28E+06 
12 9.81 20.6 0 1.11E+07 
Ties 
1 3.6 0 55.36 9.36E+07 
2 6.08 25.78 0 1.38E+07 
12 10.01 18.18 0 9.81E+06 
 
Figure 24 –Mode 1, 3.60 Hz (a). Mode 2, 6.08 Hz: relative horizontal (longitudinal)(b) and vertical (c,d) 
6.2 Annunziata church 
The results for the Annunziata church point out the strong vulnerability of lateral naves 
vaults, actually the most damaged for in-plane shear mechanisms. Due to convergence issues, 
the graphs are reported for the maximum number of seconds for which the solution does 
converge. In general, the values of dissipated energy density are in that case much lower than 
those obtained for S.V. church. Indeed, with the exception of the incipient overturning of the 
façade, no severe damages occurred. Being the structure symmetric with respect to the 
longitudinal axis (WE), the distinction between left and right side vaults is not so relevant, 
since the direction of the natural accelerogram along NS direction displacements is not known 
Figure 3.32: Mode 1, 3.60 Hz (a). Mode 2, 6.08 Hz: relative horizontal (b) and vertical (c,d)
displacements. U2: vertical relative displacements; U1: longitudinal relative displacements
Table 3.4: Effective masses of main modes for the St. Venerio church (with steel tie-rods and
Vaults Equivalent Trusses)
Mode Frequency [Hz] EMX [%] EMZ [%] EROTY [daNcm/s2]
1 3.6 0 33.6 5.0E+06
2 5.0 0 27.6 9.9E+07
3 6.1 22.2 0 1.4E+06
11 9.8 23.8 0.2 1.9E+06
excellent agreement is instead obtained for the modes along the longitudinal direction
(X, Figs. 3.35, 3.36). Indeed, the differences of both the natural frequencies and the
participating masses are lower than 5% (Tables 3.3 and 3.4). The mode shapes in the
VET model also highlight possible overturning mechanisms of the main façade and in
general out-of-plane response of all the façades, as actually occurred during the earth-
quake (§ 6.7.1).
It might be interesting to illustrate the results of a modal analysis carried out for a
model without the vaults and without the equivalent trusses. This is made with the
purpose of describing what occurs in terms of natural frequencies whether the vaults
are not modelled. Fig. 3.37 displays the mode shapes in the model without vaults
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Mode 1 (Diag. Stiffness 6707 daN/cm) – Freq. 3.56 Hz % Mass 33.56%
Figure 3.33: Mode 1, natural frequency 3.60 Hz, participating mass Z 33.6%.
Mode 2 (Diag. Stiffness 6707 daN/cm) – Freq. 4.96 Hz % Mass 27.60%
Figure 3.34: Mode 2, natural frequency 4.96 Hz, participating mass Z 27.61%.
Mode 3 (Diag. Stiffness 6707 daN/cm) – Freq. 6.14 Hz % Mass 22.21%
Figure 3.35: Mode 3, natural frequency 6.14 Hz, participating mass X 22.21%.
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Mode 11 (Diag. Stiffness 6707 daN/cm) – Freq. 9.79 Hz % Mass 23.78%
Figure 3.36: Mode 11, natural frequency 9.79 Hz, participating mass X 23.78%.
and arches. They are similar to those of the VET model, then able to give the same
information as the simplified model. The first natural frequency in the transverse di-
rection is lower by 11% (passing from 3.56 Hz to 3.16 Hz, although with a much
smaller participating mass), which is a value acceptable in this numerical simulation.
The other values are also similar. One can then conclude that, in this case, the differ-
ence with modelling arches and vaults as equivalent trusses or not modelling them is
not particularly relevant. Assuming equal to 1 the time required to perform the linear
Mode 1 – Freq. 3.16 Hz % Mass Z 18.57% Mode 2 – Freq. 4.72 Hz % Mass Z 31.69%
Mode 6 – Freq. 6.52 Hz % Mass X 18.57% Mode 16 – Freq. 11.07 Hz % Mass X 17.52%
X
Z
Figure 3.37: Mode shapes for the model without vaults and without equivalent trusses
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time-history analysis for the VET model, the complete model requires 1.2 times this
value. However, it should be noted that in the time is not included that used for mod-
elling the vaults with finite elements. Neglecting it, the benefit in terms on time is then
irrelevant, given that the analysis is also a strong simplification. For that reason, the
comparisons in terms of transient analyses are not reported for the St. Venerio church.
This tool is instead valid for a larger model, as that described in § 3.6, for which the
time ratio is 10:1.
3.6 Application to a basilica church
3.6.1 Architectural features and VET definition in the St. Frediano church
The proposed method is applied to the St. Frediano church, a Romanesque church
located in Pisa (Fig. 3.38). The case study was chosen being a typical three naves
basilica church characterized by the presence of different typologies of vaulted sys-
tems (Fig. 3.39). That constructive solution is very widespread in Italy, and since
Figure 3.38: St. Frediano’s church: façade (a) and inner central nave with existing ties (b)
the geometric ratios between structural elements dimensions are recurring for these
churches, the procedure can be easily applied to similar cases. The global dimensions
are 41x15x16 m (length x width x maximum tympanum height). The church is adja-
cent to masonry buildings, but it was considered structurally isolated being the interest
focused on the method application.
The church is made up by ashlar stone (façade and walls), granite (columns), bricks
and mortar (vaults). For linear analyses the considered mechanical properties are listed
in Table 3.5.
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Figure 3.39: Lateral left (a), central (b) and right (c) naves in St Frediano church
Table 3.5: Masonry properties for the analysis of St Frediano church
E (MPa) ν (-) γ(kN/m3)
Stone 2800 0.15 22
Granite 50000 " 27
Bricks 1500 " 18
In the church there are five typologies of vaults, all of them 6 cm thick (Fig. 3.40):
• n. 14 dome vaults of dimensions 370x370x270 cm (plan longitudinal length,
plan transverse width and rise at the crown respectively) in lateral naves, called
type 1;
• n. 4 dome vaults near to the main façade of dimensions 430x370x270 cm the
lateral naves, named type 2;
• apse dome vault of dimensions 670x800x 440 cm;
• central nave barrel vault, modelled as set of sliced barrel vaults, with and without
lunettes (§ 3.2.1), of dimensions 430/370x800x260 cm.
Geometrical dimensions of each vault are depicted in Figs. 3.41, 3.42. Longitudinal
direction is intended along the X-axis, the transverse one along the Z-axis.
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Dome vault type 1
Dome vault type 2
Apse dome vault
Central nave barrel vault
without lunettes
Central nave barrel vault
with lunettes
Triumphal arch
Figure 3.40: Vaults typologies in St Frediano church
The dome vaults of the lateral naves and the apse are bounded by four ribbing arches,
40 or 20 cm thick, according to a traditional construction procedure [122]. In Ta-
ble 3.6, equivalent stiffness values are listed for each vault type, calculated according
to the method illustrated in § 3.2 and in § 3.3.3, supposing the lack of Sabouret’s cracks
and the presence of gravity.
The diagonal equivalent stiffness for the type 2 dome vault was obtained as average be-
tween the case in which it is calculated imposing a displacement along 430 cm (larger)
and that in which the displacement is imposed along 370 cm. The same is valid for the
apse vault.
For the central barrel vault two types of diagonal VET were analysed: the first one
with only two diagonal trusses (Fig. 3.5b) and the second one considering the distance
between two lunettes (Fig. 3.5c). This resulted in a sliced barrel vault with 4+4 cou-
ples of diagonal trusses (Figs. 3.42, 3.43). The first model showed no satisfying results
as the second did in terms of equivalence with the full model, even since the modal
analysis, thus it will be not further analyzed.
The following considerations can be inferred from Table 3.6:
• if the shape ratio L1/L2 is not equal to one, namely if the vault projection is not
a square, vaults are generally more deformable along the longest direction (see
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Figure 3.41: Vaults geometry in St Frediano church
Figure 3.42: Central barrel vault geometry in St. Frediano church
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Figure 3.43: Sliced central barrel vault geometry in St. Frediano church
Figure 3.44: FEM models: fully modeled - actual (a) and VET model (b,c)
also Fig. 3.17), because of the more pronounced bending effect. In addition, the
shortest direction is also stiffer than the corresponding one for the square vault
(confer type 1 and type 2, having the same value for L1 and again Fig. 3.17);
• the longitudinal stiffness of the whole barrel vault is in between that of sliced
vaults with lunettes and that of sliced vaults without lunettes, thus the procedure
is consistent;
• sliced barrel vaults without lunettes are all stiffer than those with lunettes but the
transverse stiffness, since lunettes create a stiffening effect (Fig. 3.43).
Fig. 3.44 displays the actual model with vaults and the simplified one with VET that
has been considered.
The model has 42646 shell elements, 14 beams (columns between central and lateral
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Table 3.6: Vaults equivalent trusses in the St. Frediano church (deq [mm] and Keq [daN/cm] -
constrained case and average between tensile and compressive action with gravity)
Element Keq deq Keq/2 deq(Keq/2)
L
at
er
al
na
ve
s
DV 1diag. 15552 22.2 7776 15.7
DV 1long. 21559 22.0 10779 15.6
DV 1trasv. 6865 12.4 3432 8.8
DV 2diag. 10060 18.6 5030 13.1
DV 2long. 4589 10.9 2295 7.7
DV 2transv. 7456 12.9 3728 9.2
A
ps
e diag. 56445 59.7 28223 42.2
long. 138719 74.8 69360 52.9
transv. 54208 51.3 27104 36.3
B
ar
re
lv
.8
00
x3
70 Lundiag 62206 57.7 31103 40.8
Lunlong 172806 62.3 86403 44.0
Luntransv 15240 27.2 7620 19.2
NoLundiag 81209 65.9 40604 46.6
NoLunlong 248612 74.7 124306 52.8
NoLuntransv 9626 21.6 4813 15.3
B
ar
re
lv
.8
00
x4
30 Lundiag 54977 55.0 27488 38.9
Lunlong 152189 63.0 76095 44.5
Luntransv 17441 29.1 8720 20.6
NoLundiag 74086 63.9 37043 45.2
NoLunlong 223165 76.3 111583 53.9
NoLuntransv 12611 24.7 6306 17.5
Complete barrel long. 21413 63.2 10707 44.7
naves) and 118730 nodes (Fig. 3.44a); the VET model counts 8767 shell elements, 14
beams and 26607 nodes (Fig. 3.44b,c). The reduction of computational time with the
strong decreasing of degrees of freedom is about 10:1. Both models have a mesh size
of about 30-40 cm.
Equivalent trusses are modelled as axial single-degree-of-freedom connector elements
(dashed lines in Fig. 3.44b, c). They are tension-compression elements; in case of
compression elements the buckling must be avoided, because the elements are wide
spanned.
3.6.2 Modal and sensitivity analysis
A preliminary comparison between actual (church with full modeled vaults) and
simplified model was made in terms of natural frequencies and dynamically activated
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masses. Two VET (Vaults Equivalent Trusses) simplified models were considered:
one with additional masses representing the removed masses of the vaults, and a
second one where the additional masses are neglected. The latter approach will
underestimate the loading of the vertical walls, because dynamically activated masses
are neglected. Consequently, the results cannot be used for a subsequent check of
the walls. In the first case, the inertia effect is recreated by applying concentrated
masses at the supports of the vaults; for the central nave barrel vault at the VET
extremities. In both models, the material density was calibrated to keep the same rate
of self-weight for structural elements, in particular the same rate of vertical reactions
forces at columns with respect to the total value (about 20% for each colonnade).
230 modes were necessary to reach about 85% of the total mass for the two
main horizontal directions of the building. Modal analyses showed a good agreement
for the simplified model without additional masses, having a difference lower than
8% for the first natural frequency along the transverse direction and the corresponding
modal mass. In the model with additional masses the natural frequency variation is
18% and the variation of the corresponding mass 13% (Table 3.7).
Moreover, also in the longitudinal direction the agreement is better in case of simpli-
fied model without additional masses (Table 3.8). The mode shapes between actual
and simplified model are quite similar, so the VET model without masses does not fil-
ter the individuation of macro-elements, especially the relative transverse deformation
of the longitudinal central walls, which affects the mode in the longitudinal direction
(Fig. 3.45). This response could results in the collapse of the vaults; the mechanism is
described in § 5.6.4 by means of a local approach.
Table 3.7: Comparisons between natural frequencies and modal masses in Z (transverse)
direction
Model fz (Hz) Mz (%tot) % Actual fz % Actual Mz
Actual 1.90 42.36 0.00 0.00
Simplified 1.82 38.86 -4.33 -8.27
Simplified + add. masses 1.56 37.63 -17.85 -11.16
Horizontal slabs 6 cm 1.76 42.90 -7.50 1.26
Horizontal slabs 60 cm 2.53 45.80 32.90 8.11
No vaults 0.56 18.53 -70.71 -56.27
A sensitivity analysis was also performed to investigate the dynamic behavior in case
of vaults modelled as flat panels (Tables 3.7, 3.8). The horizontal thrust is calculated
for each vault and applied as distributed force; the density was calibrated not to alter
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Table 3.8: Comparisons between natural frequencies and modal masses in X (longitudinal)
direction
Model f1 (Hz) M1 (%tot) %Act.f1 f2 M2 % Act.f2
∑
Mx (%tot)
Actual 4.12 36.79 0.00 4.36 11.99 0 48.78
Simplified 3.87 56.06 -6.00 - - - 56.06
Sim.+a.mas. 3.75 26.25 -8.89 3.82 21.96 -12.30 48.21
Hor.sl.6cm 4.88 11.25 18.54 4.96 8.12 13.80 19.36
Hor.sl.60cm 6.09 26.82 48.09 7.17 34.77 64.51 61.59
No vaults 3.50 47.82 -15.08 3.51 10.60 -19.35 58.42
Figure 3.45: Comparisons between the main mode shapes in X (longitudinal) and Z (transverse
direction)
Figure 3.46: Mode shapes in X (longitudinal) direction of horizontal slabs models
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the initial mass distribution. By assuming the same thickness of the vaults (6 cm), the
building is stiffer than the VET model in longitudinal direction. However, the reduc-
tion of the first natural frequency (1.76 Hz) in the transverse direction is not relevant,
since it is just 7.5% lower than in the complete model.
For the transverse direction the VET model and the model with 6 cm-thick slabs have
therefore a very similar response with respect to the full model.
Nevertheless, the mentioned effect of relative displacements in the central nave for the
longitudinal mode is not visible in case of horizontal slabs (Fig. 3.46), thus they are
not able to properly describe this overall behavior. Generally, the VET model is more
deformable then the actual one, as expected, since this is not able to recreate totally
arch stiffening effects. The thrusts are indeed idealized in concentrate points and not
along the arches profiles.
Modes have small participating masses for each mode, and this implies the activation
of local macro-elements, but masses are higher in case of simplified models. Both for
X and for Z direction, the model without vaults has a completely different dynamic
behavior from the actual one, especially in the transverse direction, with a reduction of
the main frequency of 70% (Tables 3.7). Moreover, the model in which vaults are not
considered has a large scattering of participating masses lower than 10%. Hence, ne-
glecting vaults or modeling them as more or less rigid diaphragms can bring undesired
results, because vaults are flexible roofs and are not able to distribute the horizontal
forces to the walls like rigid diaphragms do.
3.6.3 Acceleration time-history analysis: results and discussion
Spectrum-compatible accelerograms (spectra with return period of 75 years and be-
havior factor 1.5) were considered and comparisons were performed between displace-
ments of significant points of lateral naves, namely longitudinal, transverse, diagonal
relative displacements along the transverse direction of the church (Z). That points are
located at the ribbing arches imposts of lateral naves. They have been chosen to com-
pare the response both in a central zone, subjected to larger transverse displacements,
and in a zone near to the main façade. Modal analysis also allows computing relative
displacements, but the choice of the modes to consider would be arbitrary. Four ac-
celeration time-histories were considered (named TH1, TH2, TH2 doubled and TH3).
One of them (TH2 doubled) was obtained by doubling the values of TH2 accelerations,
to examine the response with the same frequency distribution but different acceleration
values. The acceleration time histories are displayed in Appendix A.
For what concerns damping, values of α and β respectively equal to 0.2239 and 0.0095
were assumed according to § 3.4.3 (with f1=1.95 Hz and f2=4.44 Hz). Time histories
outcomes are shown only in case of transient acceleration applied along the transverse
direction (Z), since, along that, relative displacements are larger and vaults play a more
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Figure 3.47: Nodes for monitoring relative displacements in time-history analysis
significant role in the overall seismic response.
The results are proposed by means of:
• displacement time histories;
• maximum relative displacements for each case and two design ratios: R, the
ratio between maximum displacements with steel tie-rods and without them for
the full modelled church; RV ET the same ratio for the church modelled with
VET.
In the displacement time histories, for each group of 4 nodes (Fig. 3.47) relative
displacements in transverse direction are reported for three cases:
1. the full model (actual configuration) compared to the simplified model with VET
(VET);
2. the actual configuration compared to the church equipped with Preventive Safety
Features (PSF) as steel tie-rods (diameter 20 mm) in lateral naves (Fig. 3.48);
3. the simplified model with VET (VET) compared to the simplified model with
PSF (VET+PSF).
These comparisons have been performed in order to give a practical function to the pro-
posed method, which might be used to evaluate the effectiveness of preventive safety
features by analysing complex vaulted churches with simplified and rapid approaches.
The complete series of graphs is reported in Appendix A. In general, the displacement
time-histories show a good agreement - better for the part near to the façade - between
time-histories on simplified with VET and fully modeled church. This is probably due
to the fact that in this zone the effect of vaults is reduced. Although some peeks of
the full model are filtered, the trend of relative transverse displacements is such that
maximum displacements are similar to those of VET model, by its nature more flexible
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as seen in the modal analysis. Consequently, since maximum displacements are related
to maximum stresses, the latter may be calculated in favor of safety considering the
VET model.
A sample of the graphs is reported in Fig. 3.49, which depicts the displacement time
histories when TH3 is applied, both for the full model and for the simplified one
with VET, referring to the upper extremities of columns and to diagonal direction
(Fig. 3.50). The curve progress corresponds almost totally, especially for the diagonal
case.
Fig. 3.51 displays the comparisons in presence of a rehabilitation technique as steel
tie rods in the lateral naves (Fig. 3.48). In this case the graph is drawn for points
in the central part of the church. It can be seen that the curve progress is not the
same and some peaks are filtered (curve below, at 9.06 sec), but this is justified by
the strong simplification adopted. However, a good agreement in terms of maximum
displacement history is obtained, showing that the method is valid also for assessing
the positive effect in the reduction of relative displacement when steel ties are used.
Generally the method is not totally reliable to evaluate relative displacements in the
transverse direction (Uz1 − Uz4 referring to Fig. 3.50): displacement values are much
lower for the simplified model with VET. This is probably due to the fact that the
connection with the axial connector is direct between two transverse points (one at the
top of the column and one at the top of the wall), whereas arches are less stiff and
therefore relative displacements higher. This aspect will be further discussed in this
paragraph.
Further comments on the displacement time histories and all the graphs are reported in
Appendix A for each single case.
Results may be also analyzed in terms of maximum displacements for each pair of
nodes and the two ratios R and RV ET . These may be considered as check parameters
Figure 3.48: Configuration of Preventive Safety Features (PSF) as steel ties in lateral naves
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Figure 3.49: Comparisons between full model and simplified model with VET - TH3, trans-
verse relative displacements, part adjacent to the façade
Diagonal: 
Uz1-Uz3
1
3
Columns: 
Uz1-Uz2
1 2
4 3
Figure 3.50: Relative transverse displacement (columns and diagonal) in the part adjacent to
the façade
for the reliability of the method, since actually there is no need - neither a simplified
model must be able to do it - to get exactly the same displacement time-histories. It
would be sufficient to register roughly the maximum displacements, both for the un-
certainties that characterize the models and for the adopted linear behavior.
Tables 3.9 and 3.10 are referred to maximum transverse displacements and longitu-
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Figure 3.51: Relative displacement history betwe n full mod l an simplified Vaults Equiv-
alent Trusses model for vaults supports (columns and diagonal direction): configuration with
preventive safety features (steel tie-rods d=20 mm in diagonal, longitudinal and transverse di-
rection in all the lateral naves)
dinal displacements respectively, both for the acceleration time-history applied along
the transverse direction of the church. In the first case displacements are on the order
of 1 cm, while the longitudinal ones are one or two orders of magnitude lower. The
reduction in presence of steel ties is of about 50-60%, thus a good improvement in
the vault response is observed. Indeed, high relative displacements might result in the
attainment of masonry tensile strength and then to a brittle failure, which can lead to
collapse.
The reduction, in terms of R and RV ET is quite similar: generally R is slightly higher
thanRV ET and this is in favour of safety (Fig. 3.52). R is lower thanRV ET in the trans-
verse direction, especially because the displacement without tie-rods is much lower in
the simplified model.
In fact, the method is not able to properly describe relative displacements in transverse
direction, both for the central part and for that near to the façade. Indeed, the evalua-
tion of relative displacements in the VET model is such that these are underestimated
also for TH2 and TH3 (Tables 3.11 and 3.13).
If the TH2 acceleration values are doubled, as reasonable in a linear analysis, maxi-
80
3 A TRUSSES MACRO-ELEMENT FOR VAULTED SYSTEMS AND
ITS APPLICATION ON HISTORIC CHURCHES
mum displacements in all configurations are generally doubled as well (Table 3.12).
The average of R for the 8 cases (4 for the central part and 4 for the part adjacent to
the façade) is equal to 85% for TH2 and to 110% for TH2 doubled: namely for higher
accelerations the positive effect of steel ties is larger. The same aspect is not gathered
for RV ET , equal to 65% for TH2 and TH2 doubled.
However, the average values of R and RV ET for the 8 cases are respectively equal to
38% and 43%. In other words, with the full model the average reduction of transverse
displacement for the 8 cases is 38%, while it is 43% for the simplified model with
VET. That reduction is therefore really similar, since a difference of 5% is within the
numerical errors.
Table 3.9: TH1 results (maximum relative displacements in transverse direction [cm])
Façade Central part
∆UZ Col. Ext.walls Diag. Transv. Col. Ext.walls Diag. Transv.
Current 1.30 0.96 0.96 0.45 0.36 0.34 0.95 0.58
PSF 0.64 0.62 0.62 0.03 0.16 0.17 0.20 0.04
red.rate 50.60 35.60 35.98 93.86 55.11 51.07 78.58 93.25
VET 1.32 1.48 1.48 0.17 0.61 0.74 0.84 0.19
VET+PSF 0.72 0.77 0.77 0.06 0.27 0.31 0.31 0.05
red.rate 45.19 48.01 48.08 64.19 56.13 58.05 62.84 72.85
R 49.40 64.40 64.02 6.14 44.89 48.93 21.42 6.75
RV ET 54.81 51.99 51.92 35.81 43.87 41.95 37.16 27.15
3.7 Summary and conclusions
In this chapter, a macro-model to numerically represent vaults in historic churches
has been illustrated. It consists in substituting vaults with six trusses (two for each
Figure 3.52: Comparison between R and RV ET (TH1)
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Table 3.10: TH1 results (maximum relative displacements in longitudinal direction [cm])
Façade Central part
∆UX Col. Diag. Col. Diag.
Current 0.077 0.075 0.015 0.109
PSF 0.064 0.113 0.032 0.084
red.rate 16.475 -49.919 -113.057 23.111
VET 0.064 0.130 0.021 0.145
VET+PSF 0.024 0.108 0.022 0.098
red.rate 62.863 16.337 -5.176 32.385
R 83.525 149.919 213.057 76.889
RV ET 37.137 83.663 105.176 67.615
Table 3.11: TH2 results (maximum relative displacements in transverse direction [cm])
Façade Central part
∆UZ Col. Ext.walls Diag. Transv. Col. Ext.walls Diag. Transv.
Current 1.97 1.39 1.40 0.62 0.61 0.41 1.28 0.82
PSF 1.63 1.55 1.56 0.10 0.65 0.73 0.74 0.11
red.rate 17.07 -11.14 -10.98 84.26 -7.72 -78.67 42.24 85.92
VET 1.37 1.49 1.50 0.16 0.92 1.25 1.15 0.33
VET+PSF 1.24 1.33 1.34 0.10 0.49 0.55 0.56 0.08
red.rate 9.29 10.68 10.56 36.81 46.97 55.78 50.82 76.57
R 82.93 111.14 110.98 15.74 107.72 178.67 57.76 14.08
RV ET 90.71 89.32 89.44 63.19 53.03 44.22 49.18 23.43
Table 3.12: TH2 double results (maximum relative displacements in transverse direction [cm])
Façade Central part
∆UZ Col. Ext.walls Diag. Transv. Col. Ext.walls Diag. Transv.
Current 3.25 2.36 2.38 1.05 1.03 0.98 2.20 1.26
PSF 4.47 4.28 4.31 0.19 1.34 1.40 1.56 0.22
red.rate -37.72 -81.28 -81.17 81.72 -30.15 -42.24 29.40 82.54
VET 2.73 2.99 3.00 0.33 1.83 2.48 2.49 0.66
VET+PSF 2.49 2.68 2.50 0.21 0.99 1.12 1.14 0.15
red.rate 8.65 10.13 16.51 36.84 46.04 54.88 54.13 52.50
R 137.72 181.28 181.17 18.28 130.15 142.24 70.60 17.46
RV ET 91.35 89.87 83.49 63.16 53.96 45.12 45.87 23.45
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Table 3.13: TH3 results (maximum relative displacements in transverse direction [cm])
Façade Central part
∆UZ Col. Ext.walls Diag. Transv. Col. Ext.walls Diag. Transv.
Current 2.57 1.70 1.70 0.87 0.69 0.61 1.73 1.04
PSF 1.66 1.62 1.63 0.07 0.62 0.69 0.68 0.09
red.rate 35.39 4.66 4.34 92.18 10.07 -12.80 60.56 91.02
VET 2.06 2.29 2.29 0.23 1.10 1.51 1.50 0.67
VET+PSF 1.11 1.19 1.19 0.08 0.46 0.53 0.54 0.08
red.rate 46.20 47.98 48.01 64.20 58.32 64.98 64.14 80.92
R 64.61 95.34 95.66 7.82 89.93 112.80 39.44 8.98
RV ET 53.80 52.01 52.00 35.80 41.68 35.02 35.92 19.11
direction, transverse, longitudinal and diagonal in plan), equivalent in terms of
stiffness. The procedure may be easily applied to historic structures with vaulted
systems of different typology.
Vaults may have complex geometries and the procedure of modelling them and
performing numerical simulations is often time-consuming. Moreover, generally the
interest is not focused on the vault itself, which may be modelled by means of more
sophisticated approaches (macro- or micro-modelling, or assembly of rigid bodies),
but on the overall seismic behaviour of the church. The purpose of this chapter was
therefore of assessing the influence of vaults on the global behaviour, and the benefit
achievable in modelling them as equivalent trusses. Only the transverse response
of the church is investigated, thus whether vertical vibrations are not negligible, a
modified approach should be considered. In particular, it could be interesting to
inquire into the case where vaults lose their supports due to vertical action, which will
lead to a loss of equilibrium of the vault.
First, parametric analyses on different typologies of vaults were performed,
both in linear and non-linear range, showing that their stiffness depends on geometric
dimensions (rise to width ratio, plan length) and on the material type as well as the
vault type. For the linear range, charts have been drawn for several vaults types as
rapid tool to perform simplified analysis in FEM models. In addition, these charts
can be used to perform rocking analysis of blocks subjected to different boundary
conditions, as it will be discussed in § 5. Moreover, the analysis in non-linear range
showed that, due to the very low tensile strength of masonry, the stiffness markedly
drops even for displacements of the order of millimeter or centimeter.
Secondly, the equivalent stiffness trusses were implemented in two cases study, a
single-nave and a basilica church. Two distinct set of models were identified: full
models (namely, the church modelled with the as-built vaults and arches) and the
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simplified ones with VET.
Modal and transient linear analyses were employed for comparisons between the full
models and the simplified ones with VET.
In addition, models with horizontal slabs of different thickness and models without
roofs were analyzed.
Modal analysis is useful to get information about natural frequencies and mode
shapes, to identify for instance critical macro-elements. The transient analysis was
used to evaluate relative displacements between vaults support, as check parameter
of their vulnerability. Indeed, it was shown that, for dome and groin vaults, the
equivalent stiffness drops to a much smaller value even for relative displacements of a
few millimetres. The modal analysis was applied to a single-nave church, but not so
relevant benefits where obtained with the VET or absence of vaults in the FE models.
In other words, the results of the modal analysis on the full, VET and without vaults
models were about the same, both in terms of natural frequencies and of mode shapes.
Therefore, the role of the vaults in the overall dynamic behaviour was secondary. This
is probably due to the presence of a quite regular plan and a compact building.
On the contrary, modal analysis results were deeply different for the considered
models of the basilica church. Indeed, the VET model was able to correctly represent
the role of the vaults in terms of mode shapes and natural frequencies. In particular,
it highlighted a mode shape where horizontal relative displacements in the walls over
the colonnade are relevant and can cause collapse of the central or lateral vaults.
Instead, this mode shape was not identified by the model with horizontal slabs (6 or
60 cm-thick). Thus, the influence of modelling vaults as rigid or flexible diaphragms,
or not modelling them, is not negligible for the basilica church.
Time-histories analysis was also applied to the basilica church, showing a good
agreement between the full model and the simplified ones. The assumption of linear
behaviour for masonry, usually not valid, was accepted due to the high number of
degrees of freedom and of calculations to be performed on many configurations.
Secondly, this hypothesis stands in the spirit of simplification that characterizes the
method, focused to recreate the dynamic global behavior in presence of vaulted
systems.
Additionally, comparisons were made in presence of strengthening techniques.
A configuration of diagonal, longitudinal and transverse steel tie-rods was supposed
for the lateral naves of the basilica church, and the ratio of reduced displacements
was compared in the full model and in the simplified one. Also in this case, an
acceptable response emerged, with a reduction of relative displacements lower in the
simplified model. This approach is therefore in favour of safety and can be a tool for
the analyst who wants to evaluate the reduction of relative displacements in presence
of strengthening devices such as steel tie-rods.
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Naturally, the adopted extreme simplification causes the need of more sophisticated
analysis whether a deeper comprehension of the dynamic behaviour of the church is
required. Indeed, the main limitation of the analysis with VET is that does not show
the failure modes of the vaults or arches, since they are modelled as trusses. For that
reason, the method developed in § 6 was proposed to take into account the masonry
non-linear behaviour in global analyses.
The main points of this chapter are:
1. the substitution of fully modelled vaults with trusses causes a computational time
ten times lower.
2. The substitution also reduces time for modelling the real vault geometry.
3. Charts provided by the parametric analysis are useful to have stiffness values of
vaults with specific geometry and dimensions.
4. A satisfactory reproduction of maximum relative displacements was obtained in
the transient analysis for the simplified models.
5. If the linear assumption is acceptable, the method can assess the reduction of
seismic vulnerability of vaults by adding tie-rods stiffness to that of vaults.
However, further analysis could be performed in the framework of VET approach for
taking into account progressive vaults failure, e.g. with criteria that properly reduce
truss stiffness or deleting truss elements in a step-by-step procedure. Experimental
tests would be required to confirm the equivalence in terms of stiffness and possibly
to obtain more realistic constitutive relations for the vault macro-element in the post-
elastic behavior.
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4.1 Introduction
Masonry churches, as well as complex historic buildings, are generally studied as set
of macro-elements (§ 2.4). These structurally independent parts are regarded as rigid
blocks connected by plastic hinges. Like experimental both static and dynamic tests
showed [127, 128], to consider these bodies as rigid is definitely licit. Their dynamic
behavior can be therefore related to the theory of rigid body dynamics.
Although significant simplifications are made to determine the response of rigid
bodies, this model is all but simple, due to the strong non-linearities that characterize
the problem. They firstly concern the system stiffness, which depends on boundary
conditions, initial imperfections, material strength, geometry.
Secondly, damping effects are complex to describe and generally valid only for
specific masonry types experimentally tested. At the interfaces where the impact
occurs, either rigid or elastic contacts may be supposed.
In this chapter, a state of the art of rigid body dynamics and of out-of-plane re-
sponse of unreinforced masonry walls is presented. Being impossible to give a
complete description of the topic, due to the numerous contributions found in litera-
ture, the interest will be mostly focused on the classical theory (Housner’s model) and
on experimental tests performed on masonry specimens.
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4.2 First approaches and Housner’s model
Up to the end of the 19th century, the estimation of an earthquake intensity relied upon
individual sensations. Experimental approaches were at the beginning based on the
observation of fracture or overturning of chimneys, walls or simple structures. The
first experiments in observational seismology were made by Milne et. al. in 1881
[129, 130] and Omori [131]. Simple forms of instruments were used, as pendulums,
considered as “the oldest probably of seismometers long set up in Italy and Southern
Europe" (Mr. Mallet, in [130]). By swinging, they indicated the shock direction or
the vibrational period of an earthquake. Additionally, microphones, floating bodies,
columns had the purpose of collecting information about the direction and the inten-
sity of an earthquake. Vertical springs were employed for the determination of vertical
motion as well.
In the same year, Perry [132] faced the problem of the rocking column (Fig. 4.1), which
after eighty years was analysed in the well-known Housner’s contribution [133].
The Housner’s model will be analyzed in depth, being at the base of the work per-
formed in the following chapter and of the classical theory on which the rocking anal-
ysis is founded.
Figure 4.1: Housner’s model [133]
Housner studied the 2D problem of a rigid body subjected to free vibrations, constant
and sinusoidal acceleration, and earthquake motion, in order to investigate rocking
behavior.
The block, a one degree of freedom system, is a parallelepiped over a flat rigid base,
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rocking about the two corners O and O′, without bouncing or sliding. Its significant
geometric parameters are:
• the angle α, given by the ratio of base to height b/h, considered a measure of the
slenderness of the block;
• the semi-diagonal R (Fig. 4.1), which defines the block size.
The ratio b/h represents the collapse multiplier for the triggering of motion expressed
by the West’s formula, recalled by Kirkpatrick [134]. This value is simply obtained
by equilibrium around O imposing a horizontal constant action in the centre of gravity
equal to a percentage of self-weight.
The involved mass property is the moment of inertia about the axis orthogonal to the
in-plane motion, with respect to O or O′. It is given by the definition of moment of
inertia I0 using the Huygens-Steiner theorem:
I0 =
1
12
m[(2h)2 + (2b)2)] +mR2 =
1
3
mR2 +mR2 =
4
3
mR2 (4.1)
Therefore, to avoid partial differential equations, the lumped-mass procedure is
adopted [135, 136]. The equation of motion may be obtained by simple equilibrium
considerations or by a variational principle. It takes the form:
I0ϑ¨+ sgn(ϑ) m g R sin(α− sgn(ϑ)ϑ) = 0 (4.2)
which becomes for a homogeneous parallelepiped:
ϑ¨+ sgn(ϑ)p2 sin(α− sgn(ϑ)ϑ) = 0 (4.3)
considering ϑ > 0 if counter-clockwise and p2 = (3g)/(4R). p will be named herein
frequency parameter of a rectangular block. The larger the block (namely larger R),
the smaller p. As it will be seen in § 4.5, this is a fundamental parameter for the
rocking spectra definition. Indeed, the ratio 2pi/p will be defined in rocking spectra as
the equivalent of T = 2pi/ω0 for single degree of freedom (SDOF) response spectra,
where ω0 is the SDOF vibration frequency.
In Eq. 4.3 there are two relevant non-linearities: the sgn and the sin functions [137].
Housner considered the latter negligible for angles lower than 20 degrees [133], but
the trigonometric functions can be easily included in the formulation (§ 4.3).
Housner presented the simplest case in which no energy loss occurs during a complete
cycle, and a free vibration takes place with an initial rotation value ϑ0. The cycle is
completed in the period T and T/4 is the time t required for the block to rotate from
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Figure 4.2: Period T of block rocking with amplitude ϑ0 [133]
ϑ0 to 0. Fig. 4.2 shows the period T in free vibration of the tilting block, which is
strongly dependent upon the amplitude ratio ϑ0/α. This is one of the most important
differences between the SDOF oscillator response (constant period) and the rocking
motion, as discussed in § 4.5.
During the rocking, a dissipation of energy occurs at the impact of the block on the
base. The decrease in energy of vibration causes the increase of the period with respect
to that of the previous half-cycle.
The energy loss may be calculated by the variation of kinetic energy before and after
the impact:
r =
(
1
2
I0ϑ˙
2
2
)/(
1
2
I0ϑ˙
2
1
)
=
(
ϑ˙2
ϑ˙1
)2
(4.4)
Equating the moment of momentum about the centre of rotation 0′ before and after
impact gives the reduction of energy r:
r =
[
1− m R
2
I0
(1− cos2α)
]
(4.5)
which, for slender blocks, becomes:
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√
r = 1− 2m R
2α2
I0
(4.6)
and for parallelepiped and homogeneous blocks:
√
r = 1− 3
2
sin2α (4.7)
The reduction of energy, therefore, depends just on the block slenderness. With the
definition of r, it is possible to describe how the dimensionless parameter ϕn = ϑ/α
behaves at the n-th impact. In a general form, it yields:
ϕn = 1−
√
1− rn[1− (1− ϕ0)2] (4.8)
This equation shows that for large amplitude a rapid energy decrease is seen, but for
small oscillations the energy decreases slowly. Generally, experimental tests found in
literature correlated the energy loss to a restitution coefficient e, firstly introduced by
Aslam et al. [138], defined as a ratio of angular velocities rather than of kinetic energy,
namely:
e =
ϑ˙2
ϑ˙1
(4.9)
Substituting Eq. 4.4 in Eq. 4.7 and considering Eq. 4.9, it holds:
e = 1− 3
2
sin2α (4.10)
Experimental tests have been performed to identify the values of restitution coefficient
for different URM specimens of different material and slenderness, as discussed in
§ 4.7.
If an external excitation occurs, Eq. 4.3 is modified in the following expression:
ϑ¨+ sgn(ϑ)p2 sin(α− sgn(ϑ)ϑ)− p2 u¨g cos(α− sgn(ϑ)ϑ) = 0 (4.11)
where u¨g represents the ground motion acceleration (in g). If the block is neither
parallelepiped nor homogeneous, the equation can be written as:
I0ϑ¨+ sgn(ϑ)m g R sin(α− sgn(ϑ)ϑ)−m Ru¨g g cos(α− sgn(ϑ)ϑ) = 0 (4.12)
However, dynamically equivalent rocking structures were recently defined by De Jong
and Dimitrakopoulos [139], to directly use Eq. 4.11 (Fig. 4.3) with proper values of p
and e.
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Figure 4.3: Rocking structures with direct dynamic equivalence to the single rocking block
[139] where γ= mbeam/mcolumns and η restitution coefficient
Housner adopted the simplification of no sliding during motion, saying just that it
causes an additional energy absorption. Actually, the behavior of a rigid body is much
more complex, including different types of motion. Ishiyama [140] was one of the first
who rose that aspect in the eighties. He defined six types of plane motion: rest, slide,
rotation, slide-rotation, translation-jump, rotation-jump. He derived the equations for
each type of motion and transition conditions between those types. The transition
of motion depends on the current conditions of rotation and horizontal component of
motion and their time derivatives. Based on differential equations results, Ishiyama
defined limit conditions for which a plane body of base b and height h may undergo
rocking and/or overturning (Fig. 4.4).
If no bouncing occurs, that is the impact is inelastic, the momentum of momentum
about the next centre of rotation O′ is conserved. The bouncing effect should be con-
sidered if no slender elements are analysed [141] (Fig. 4.5). Lipscombe and Pellegrino
found that tilting a block almost to the point of overturning and releasing it from that
position, as a free vibration test. The motion was seen strongly dependent on bouncing
after each impact, rather than tilting, for short blocks.
For blocks having B/H ratios near to the hatched line of Fig. 4.5, a 2D bouncing
should be used, while for very short blocks as cubes, authors suggest 3D bouncing
models. Moreover, attention should be paid to possible geometrical imperfections and
especially to the energy loss in terms of restitution coefficient (e in the picture).
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Figure 4.4: Motions of bodies subjected to earthquake excitations [140]
J. Eng. Mech. 1993.119:1387-1410.
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Figure 4.5: Blocks having B/H ratios in the hatched region are not sensitively affected by
bouncing during motion and may be adequately described by the Housner’s model [141]
4.3 Linearization of the Housner’s equation
In his contribution [133], Housner simplifies the equation of motion ( 4.11) considering
α lower than 20 degrees (slender blocks) and removing the trigonometric term.
As explained in [137], to adopt linearization brings two advantages: it allows an ana-
lytical solution if the excitation is harmonic and simplifies the solution. Nevertheless,
the error is not negligible as usually assumed. Sorrentino [137] reports time-histories
analyses (Fig. 4.6) and rocking spectra (Fig. 4.7) in which the difference is relevant.
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Figure 4.6: Comparison between exact solution and that of the linearised equation for the
acceleration time-history Takatori (Kobe, Japan 1995) [137]
Figure 4.7: Comparison between exact solution and that of the linearised equation in terms of
response spectra (left Llolleo, Chile 1985, right Taft Lincoln, Kern Country USA 1952) [137]
Fig. 4.7 shows that, sometimes, to consider the linearised equation is in favor of safety
, but sometimes it is not. For instance, a block subjected to the Llolleo, Chile 1985
earthquake with α = 0.075 rad has a maximum amplitude ratio much lower if the
linearised equation is adopted, resulting not in favour of safety, and viceversa for α =
0.175 rad.
Other authors proposed these comparisons for the Housner’s block [142] and for a
system with two rigid blocks [143]. In conclusion, the advantage that one has by
linearising the equation is not relevant, also because the action of interest in earthquake
engineering is a complex transient and not harmonic excitation.
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4.4 Behavior of rocking block under pulse excitations and acceler-
ation time-histories
In the hypothesis of no bouncing the Housner’s block performs differently depending
on the excitation features (duration, frequency content, PGA, PGV, etc). The stabil-
ity of the rocking structure may be estimated by comparing the energy input with the
energy required to overturn the structure. Housner identified a scale effect, after con-
firmed in literature, for which the larger of two blocks having the same proportions
could survive the excitation, if the smaller overturns. Thus, tall slender structures are
more stable than those less slender and smaller. The reason could be found in the
expression of the potential energy V at the instability equilibrium condition [137]:
V = mgR cos(α− ϑinst) = mgR (4.13)
which for parallelepiped and homogenous blocks is:
V = 4gR3 sin(2α) (4.14)
The potential energy strongly increases with R, explaining why the bigger of two
similar blocks could survive the excitation. Sorrentino uses the same consideration to
give a reason of the fact that the scale effect would be the same independently from
the slenderness α [137, 144]. He proposes to take into account the difference between
the potential energies in place of their ratio. It shows an increase of V if the block is
stockier, thus a lower overturning probability. A similar result was obtained for arches
represented as four-link mechanisms [78] subjected to horizontal actions. Higher
capacity was found for larger arches (with a given shape) [88, 89].
A fundamental results from the Housner formulation is that toppling depends not only
on the West’s formula but also on the product of the acceleration amplitude by its
duration, namely on the incremental velocity or area below the acceleration pulse.
In addition, for smaller blocks the overturning depends also on the duration of the
pulse. Makris and Roussos [145] studied the response of rigid blocks to pulse-type
excitation, which were found to be good representations of near-source ground
motions [146, 147], which have distinguishable long duration pulses.
Two relevant aspects in the evaluation of the rocking phenomenon are related to
significant output parameters and to the destructiveness of a given seismic input.
Sorrentino analysed several parameters, as amplitude ratio (ratio of maximum rotation
to slenderness), sum of angular momentum (or moment of momentum) over impacts,
dissipated energy over time, number of impacts [137]. Nevertheless, he found them
not significant in the response of a set of rigid blocks subjected to twenty natural
accelerations. Only the amplitude ratio was found to be a significant parameter, which
means that from it the rocking response can be investigated in a meaningful way
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because it shows reasonable behavior depending on the geometric features of the block.
The destructiveness of a given seismic input was investigated [137]. The PGA
was shown to have an important role in the response, both for the threshold accelera-
tion and for the negative stiffness of the system once that this value has been reached.
The author demonstrated how this parameter is not the only one able to describe the
destructiveness of the earthquake, once he scaled all the acceleration time-histories to
the same PGA. It was only possible to state that if an input has not a high PGA, it is
not destructive, but even though the PGA is high, it does not necessarily would cause
overturning. In addition to the PGA, the type of soil, namely different frequency con-
tents and the Araya and Saragoni potential [148] are considered. Nevertheless, these
parameters are not totally suitable to describe the rocking motion of the Housner’s
model. Indeed, the seismic input is a complex combination of pulses with different
frequency, amplitude and duration. The author then tries to use the spectral density
from the Fourier transform, showing that a less destructive seismic excitation has a
wide range of frequencies, while a more destructive one has low frequencies (lower
than 1 Hz) and all concentrated in a narrow range. This result was also highlighted by
other contributions [149].
PGV was found to be the more significant parameter to express the excitation
destructiveness. This parameter was explicitly used for defining the seismic resistance
of masonry façades to short duration acceleration pulses [31, 150, 151].
4.5 Rocking spectra and differences between SDOF system oscil-
lations and rocking response of slender rigid blocks
§ 5.5, focused on the role of flexible diaphragms connected to rocking bodies in
churches, is based on the Makris and Kostantinidis’ contribution [152]. The authors
rose the concept of rocking spectra, substantially different from the usual response
spectra defined for SDOF equivalent oscillators. A distinction that will be made herein
is between the two terms oscillations, that will be used for the response of the linear
SDOF oscillator (regular pendulum) and vibrations, related to the rocking response of
a rigid block (inverted pendulum). This apparently irrelevant differentiation is due to
the necessity, advanced by the authors, to not confuse the response of a SDOF oscilla-
tor whit that of a rigid block (Fig. 4.8). Indeed, many factors determine the differences
between the dynamic response of a SDOF oscillator and that of a rocking body. The
parameters that describe motion are the displacement u for the SDOF oscillator, ϑ for
the rocking body. The restoring mechanism is respectively due to the elasticity of the
structure and the gravity loads. Also the stiffness is completely different, being posi-
tive in a non-equilibrium condition (u 6= 0) and finite in SDOF oscillator. By contrast,
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Figure 1.1 Schematic of a single-degree-of-freedom oscillator (top left) and of a
free-standing block in rocking motion (top right); together with the associated
force-displacement (bottom left) and moment-rotation (bottom right) diagrams.
Figure 4.8: SDOF oscillator (top left) and free-standing block in rocking motion (top right).
At the bottom the corresponding force-displacement and moment-rotation laws [152]
a rocking body has an infinite stiffness for ϑ = 0 and a negative one whit a finite rota-
tion. Moreover, the undamped natural frequency is constant for the oscillator, while the
frequency parameter defined for the rocking block depends upon the geometric dimen-
sions. Finally, damping effects are represented by a viscous damping ratio function of
the natural frequency and by the slenderness ratio α respectively. Table 4.10 clearly
resumes all these differences.
Makris takes position against the Priestley’s approach [153]. Indeed, it makes the
assumption that it is possible to represent a rocking block as SDOF oscillator with
constant damping, whose period depends on the amplitude of rocking [153]. Makris
analysed in depth this approach, which was adopted by the FEMA 356 document (Pre-
standard and Commentary for the Seismic Rehabilitation of Buildings [154]). A rock-
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ing spectrum is defined as plot of the maximum rotation ϑ, and the maximum angular
velocity ϑ˙ versus the frequency parameter p (or its inverse) of geometrically similar
blocks (same α). In this way, rocking spectra may be an useful tool to estimate the
overturning of different elements ascribable to rigid blocks subjected to various exci-
tations. Rocking spectra, thus, offer important information on the motion not provided
by response spectra.
An example of rocking spectra is reported in Fig. 4.9; it is related to a slender block
subjected to the Pacoima Dam motion (1971 San Fernando earthquake).
For mode detail, the reader is referred to the extensive work of Makris and Kostan-
tinidis [152], where many comparisons between verifications performed with the tra-
ditional method (which considers the rocking body as equivalent SDOF oscillator) and
the proposed one are made.
4.6 Out-of-plane dynamic response of masonry walls
The out-of-plane response of masonry structures is considered so far the most
reliable approach for assessing the seismic vulnerability of monumental and historical
buildings [3, 155], but also one of the most complex area of seismic analysis [156].
Especially for churches, because of lack of good connections between walls and
roofs, degraded mechanical properties and numerous constructive stages, this kind
of damages is undoubtedly more probable. Local out-of-plane mechanisms are also
probable in historic churches due to slender walls with large openings, two-leafs walls
with internal infill, lack of bracing between resistant walls, foundation settlements
and flexible diaphragms. Collapse mechanisms are basically caused by an equilibrium
loss, rather than by material failure.
The first condition required to masonry portions to undergo local mechanisms,
considered as rigid blocks as in the Heyman’s theory [10], is their monolithic
response. This behaviour is possible when mortar tensile strength is similar to that of
blocks/bricks and when the wall is carefully built with transverse connections. The
deformation could still occur in the rocking response, but this is negligible with respect
to the overall displacements [137]. This behaviour does not occur in the case that
overburden loads are much larger than self weight [157]. This phenomenon, in both
linear and nonlinear ranges, depends on many parameters and the major difficulty rests
in analytically describing them. As a rocking phenomenon is involved, the response
is not mainly affected by material strength, even though that influences the formation
of the mid-height plastic hinge and in general the cracking pattern. The response is
mostly related to stability issues and a highly nonlinear behaviour emerges. It is rather
hard to determine their lateral strength capacity once the linear behaviour has been
4.6 Out-of-plane dynamic response of masonry walls 97
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Figure 5.1 True response spectra of a linear viscously damped oscillator (left) and rocking spectra of a
rigid slender block (right) when subjected to the Pacoima Dam motion recorded during the 1971 San
Fernando Earthquake.
.
Figure 4.9: Response sp ctra of a linear viscousl ped oscillator (left) and rocking spectra
of a rigid slender block (right) subjected to the Pacoima Dam motion (1971 San Fernando
earthquake) [152]
reached, although it has been shown that dynamically loaded URM walls may sustain
accelerations well exceeding their elastic capabilities ([127, 159, 160]).
An important factor that influences the dynamic response of URM panels is the
manner of spanning of the wall between supports. In the simplest case a vertically
spanning wall is supported only at the top and at the bottom. In that condition, a verti-
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that rotation spectra follow. In addition to the different trends observed in the spectra of the
SDOF oscillator and the rocking block, Table 5.2 summarizes selective characteristics and
parameters that emerge from the two systems of interest and identifies some of the fundamental
differences in their dynamical structure. In view of these inherent differences, any analogy
between the responses of the two systems tends to be superficial.
Table 5.2 Selective Characteristics and Parameters of the Two One-Degree-of-
Freedom Systems of Interest.
PARAMETERS/ Damped Oscillator Rocking Rigid Block
CHARACTERISTICS m, c, k b, h, g
Restoring Mechanism Elasticity of thestructure Gravity
Restoring force/moment kuF(for linear springs) 22
)sin(
hbR
mgRM
Stiffness at stable
equilibrium Finite Infinite
Restoring force/moment
at stable equilibrium Zero
Finite: )sin(mgR
Stiffness away
from equilibrium Positive Negative
Frequency parameter
Undamped natural
frequency:
m
k
To
o
2
Frequency Parameter:
R
gp
4
3
(for rectangular blocks)
Damping Parameter
Viscous damping
ratio:
om
c
2
Slenderness:
)/(tan 1 hb
Figure 4.10: Different features between SDOF oscillator and rigid block in rocking motion
[152]
cal one-way bending action occurs. In practical cases, this situation is verified for very
long URM walls where the side boundary conditions do not significantly impact on
the wall behaviour. If lateral supports are present, the response amounts to a combined
vertical and horizontal bending, having a larger lateral strength capacity. Over the past
40 years a number of static testing programs have been completed on the two-way
bending of URM wall panels [161, 162, 163, 164, 165, 166, 167, 168, 169, 170].
In case of masonry panels built surrounded by r.c. frames, as normally occurs
in r.c. buildings, beams and pillars can act as rigid abutments. In that case, an arching
effect takes place and the compressive strength of masonry is directly involved [171].
Several static arching analysis procedures were performed in the past [172, 173, 174].
With the same boundary conditions, more complex mechanisms might occur, as
for instance conoidal kinematisms due to out-of-plane response of masonry panel
regarded as plate [175, 176]. In this case, a fracture line analysis [177] may be also
performed to obtain the collapse multiplier that triggers the mechanism. Thus, the
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Figure 4.11: Vertically spanning panel [158]
verification of the out-of-plane safety of local mechanisms is accomplished with a
displacement based analysis.
Several researchers were focused in the past on the definition of equivalent SDOF
systems affected by collapse modes for churches macro-elements, e.g. façades,
bell towers and triumphal arches [109]. As explained in § 4.5, this equivalence is
not totally correct since the response of a SDOF oscillator is totally different from
a rocking block. However, the current procedure contained in the Italian code is
reported in § 4.8; it is the usual tool to perform displacement-based analysis for
historic and monumental buildings, besides existing masonry constructions [178].
The “rigid body spring model” was originally introduced by Kawai [179]. It consists
of a finite number of small rigid bodies connected with springs distributed over the
contact areas. Computational tools have been provided to study the response of large
masonry walls, as façades in churches, assuming that they form during motion a set of
rigid blocks [180]. Between these blocks, parts of single or multiple whythes walls,
proper constitutive laws are defined to account for the twisting and flexural behavior
[181]. The authors, Casolo and Uva, compared results of static push-over and dynamic
nonlinear analysis of two façades of Italian churches. A similar approach was used to
study the in-plane response of masonry walls. The “rigid body spring model” consists
in a set of plane quadrilateral rigid elements connected each other by two axial springs
and one shear spring at each side, with specific hysteretic laws [181].
Another computational approach made use of the Distinct Element Method [182],
applied to churches façades restrained on one side by transverse walls (Fig. 4.12). A
DEM analysis was also performed for three façades of single-nave churches nearby
L’Aquila [32], subjected to increasing static forces and dynamic acceleration pulses
(see also § 2.2).
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Figure 4.12: Lab specimen subjected to horizontal dynamic actions to investigate the response
of masonry wall restrained by transverse walls (Al Shawa et al. [182])
Another interesting contribution was given by Doherty [128]. He studied the response
of one DOF systems (brick walls with thickness 50 and 110 mm) subjected to static and
dynamic shaking table tests (Fig. 4.13). Fig. 4.13(b) shows the difference between the
ideal and the real response. As explained by the author and in other works [137], the
difference is higher whether walls imperfections are relevant. It is difficult, basically
impossible, to define a unique value for different types of masonry. For that reason, all
the calculations in Chapter 5 will be referred to the ideal case, even though the actual
response can be very different. However, some comments are worthy to be made in
order to better understand the dynamic response.
The motion is the result of gravity restoring moments, which also affect the stiffness
of the system, the loading, P −∆ overturning moments and the boundary conditions,
intended as overburden loads, imposed displacements, finite stiffness lateral slabs.
Fig. 4.14 (Doherty [128]) depicts the applied lateral force - mid-height displacement
diagram. The dotted line describes the relationship for the theoretical situation. Ini-
tially, the stiffness is infinite: lateral load is resisted by gravity restoring moments
due to self-weight and applied overburden loads. When a threshold rigid resistance,
termed “rigid threshold resistance" force (Re(1)) is reached, the motion occurs. The
rigid threshold resistance depends on the geometry of the system and on its boundary
conditions. After Re(1), the idealised relationship is linear: higher the displacement,
lower the resistant lateral force in order to keep equilibrium. Gravity restoring mo-
ments are reduced by P − ∆ effects, resulting in a negative stiffness Ke(1). The
instability condition is reached when the lateral force vanishes, that is when the ver-
4.6 Out-of-plane dynamic response of masonry walls 101
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Figure 4.13: Static and dynamic tests in the Adelaide University (a) and static test result
for one specimen showing the difference between the ideal (rigid body) and the experimental
response [128]
tical force resultant above the mid-height crack moves outside of the wall thickness.
However, the curves do not converge due to the finite masonry compressive strength at
the vertical reactions. In practical cases, a gap exists between the real and the idealised
URM wall behaviour. More in detail, the initial stiffness is not infinite but it assumes
a finite value due to the initial elastic response. When displacement increases, the
lateral resistance continues to increase due to the movement of the vertical reactions
increasing the gravity restoring moments at a greater rate than the reduction caused
by the P − ∆ effects. The maximum capacity of the wall is called “peak semi-rigid
resistance"; it occurs at a critical displacement ∆c when the stabilising effect of these
two opposing actions is equal to Res(1).
The higher the modulus of brickwork, the more similar the scenario is to that of the
rigid assumption. The larger the overburden, the lower the brickwork modulus, the
larger the gap.
The real curvilinear F − ∆ relationship can be better described by a tri-linear curve,
where displacements ∆1, ∆2 and ∆U have to be defined [183]. The value of ∆1 is
defined by the initial elastic stiffness, while ∆2 depends on imperfections due to con-
struction of degradation effects. The dynamic response adopting the trilinear curve is
very sensitive to the values of these displacements [137].
During motion, the survival of the wall depends on the variation of potential energy
and of the kinetic energy. The investigation of the frequency-displacement law is very
relevant in the out-of-plane URM response. First of all, it is not simple to define the
initial period of the rocking elements since it results from the interaction of the ele-
ments themselves and the whole structure.
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Figure 4.14: Idealised and semi-rigid force-displacement law [128]
Secondly, the frequency is not constant but it rapidly changes with displacement
(Fig. 4.16). In particular, typical macro-elements of churches, e.g. façades or bell
towers, have high fundamental period of vibration T since in the elastic range. More-
over, the widespread cracking formed by the low tensile strength of masonry further
increases it, with T > 2.5 − 4.0 sec [184]. For what concerns the definition of the
historic building seismic demand, inelastic spectra seems not to be feasible for such
kind of response. Indeed, because of the higher period of vibration reached over pro-
gressive cracking, their ductility is expected to be higher than the limit value for which
the reduction factor Rµ may be employed. The reduction factorRµ defines the passage
from elastic displacement/acceleration spectra to the inelastic ones [185]:
Sa =
Sae
Rµ
(4.15)
4.6 Out-of-plane dynamic response of masonry walls 103
Sae =
µ
Rµ
Sde =
µ
Rµ
T 2
4pi2
Sae = µ
T 2
4pi2
Sa (4.16)
where µ is the ductility factor defined as the ratio between maximum displacement and
yield displacement. Sae is the elastic pseudo-acceleration spectrum, while Sa indicates
the inelastic one. The subscript d indicates the same in terms of displacements. In the
simple version of the N2 method, it holds:
Rµ = (µ− 1) T
TC
+ 1 T < TC (4.17)
Rµ = µ T > TC (4.18)
where TC indicates the end of the plateau in the response spectrum. Therefore in the
medium and long period ranges the displacement of the inelastic system is equal to the
displacement of the corresponding elastic system with the same T .
The use of inelastic spectra seems not to be proper also because they strongly de-
pend on the definition of the initial period T0, difficult to define. Lagomarsino [110]
proposed the use of the elastic demand spectrum with a damping equal to 5%. Two
values of periods of vibration are considered, the initial one and that corresponding
to collapse. According to the method, the equivalent period T∗ is obtained by linear
interpolation to get the target displacement S∗d . Nevertheless, in this case the problem
of the definition of T0 still remains, and the expected displacement is not properly rep-
resented in the medium range of the nonlinear phase. Consequently, Resemini et al.
[178] proposed a procedure for considering overdamped elastic spectra in kinematic
analysis of monumental buildings. The authors defined a linear relation between T0
Figure 4.15: Trilinear curve compared to semi-rigid and bilinear curve [183]
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Figure 1.3.2 Post-cracked Frequency-Displacement Relationship 
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Figure 4.16: force-displacement and frequency-displacement relationships [128]
and the damping ξ, valid for T > 0.4 sec, with a maximum value of ξeq = 0.2. In-
stead, for T < 0.4 sec the value of the equivalent damping is fixed ξeq = 0.05. The
use of overdamped spectra allows accounting for the influence of equivalent viscous
damping, a parameter that significantly increases in the long period range.
4.7 Restitution coefficient from experimental tests
The dissipation of energy is one of the most difficult and uncertain issues in rocking
block response. In § 4.2 the idea of restitution coefficient e was introduced as ratio
of angular velocities immediately before and after impact. This definition, given by
Housner (Eq. 4.10), considers the restitution coefficient as a function of the geometri-
cal properties (slenderness α).
Sorrentino [137, 186] used the experimental tests results obtained by Doherty [128]
to show the reliability of this expression. Unfortunately, the duration of the pulse was
too short to correctly measure the velocity before and after impact. For that reason,
the author considered the derivative of displacement. The restitution coefficient given
by Eq. 4.10 is much higher than the experimental one, namely the dissipation of en-
ergy with the Housner’s expression is too slow, or the number of impacts is much
higher (Fig. 4.17). Thus, Sorrentino states the necessity to perform a calibration of the
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restitution coefficient with experimental results. From the analysis of the Doherty’s ex-
perimental data, he found that the energy dissipation depends on the value of rotation:
larger the displacement, larger the restitution coefficient. However, it is difficult to
generalize the expression of the restitution coefficient for walls without experimental
tests.
Figure 4.17: Numerical solution (left) with restitution coefficient given by Eq. 4.10 compared
with a free vibration test result conducted by Doherty [128] (right) [137]
Recognizing the difficulty in correlating e with the maximum rotation before impact or
with the semiperiod, the author proposes to assume a constant value of e 90% of that
theoretical obtained with Eq. 4.10. It is relevant to notice that the equivalent viscous
damping is not able to correctly describe the response. Moreover it depends on the
frequency and on the amplitude and is a typical feature of the SDOF system, different
from the rocking block.
Costa [54] performed several dynamic tests at LNEC (Lisbon) and an analytical ap-
proach to describe the rocking of multi-leaf masonry walls (or sacco masonry) and
furnished some values of e. Also in this case, the average experimental values were
found to be smaller than the theoretical ones given by the Housner’s model (Fig. 4.18).
The theoretical restitution coefficients (rmax about 0.931 and 0.935 for the two spec-
imens FR1 and FR2) is higher by about 5% than the experimental one. Also the dis-
persion of experimental results is significantly larger than that obtained from Housner
and increases with the increasing number of tests. Considering the average values,
the second specimens exhibited a ratio of r/rmax = 0.96, similar to that proposed by
Sorrentino et al. [186]. Moreover, no dependence was found between the motion am-
plitude and the restitution coefficient e, unlike the above-mentioned result.
These discrepancies bring to usually consider the restitution coefficient expressed by
Eq. 4.10. However, in Chapter 5 it will be always specified which value of restitution
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coefficient will be assumed.
Figure 4.18: Restitution coefficient obtained with Housner’s approach (CRT, Eq. 4.8) com-
pared with experimental results (EAV) [54]
4.8 Current approach for local analysis in the Italian code
The difficulty related to provide general recommendations towards a safe and rational
assessment of existing buildings becomes huge for historic masonry structures. Many
efforts were made in the past, with national and European codes, to overcome this
challenging problem, and much must still be done ([155], [3], [187], [188]). As
already stated in § 2.4, masonry structures, and in particular monumental buildings,
should be firstly investigated from a local point of view. Indeed, historic buildings
have generally flexible and not well connected diaphragms, causing an uncoupling
of vertical walls which behave independently. For that reason, global analysis are
sometimes less meaningful [100].
The kinematic approach illustrated in the Italian codes, and normally used for
existing masonry buildings, concerns the calculation of the collapse multiplier that an
element can undergo if subjected to a horizontal action. The Heyman’s hypothesis
are supposed to be valid (§ 2.6). Briefly, the procedure (called non-linear kinematic
analysis) is organized in the following points [3]:
1. a significant part of the building is identified (macro-element identification,
§ 2.4) and treated as kinematic chain, with ideal plastic hinges that connect rigid
blocks;
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2. damage state identification: the collapse multiplier α0 that causes the trigger-
ing of motion is obtained by the principle of virtual work;
3. displacement-collapse multiplier curve: by increasing the displacement of a
check point (generally the center of mass), the collapse multiplier is evaluated
case by case. This curve is generally linear, if forces are kept constant and blocks
are slender.
4. the curve so obtained is modified into a capacity curve, in terms of spectral ac-
celeration a∗ and spectral displacement d∗. This step implicitly admits the corre-
spondence between the block and an equivalent single DOF oscillator, statement
not admissible as seen in the Makris’ analysis [152]. However, the participant
mass M∗ is calculated with the expression:
M∗ =
(
n+m∑
i=1
Piδx,i)
2
g
n+m∑
i=1
Piδ2x,i
(4.19)
n+m is the number of forces Pi applied to masses subjected to inertia forces and
δx,i is the virtual horizontal displacement of the point of application of Pi. The
spectral acceleration a∗0 (relative to the mechanism activation) is then obtained
by:
a∗0 =
α0
n+m∑
i=1
Pi
M∗FC
=
α0g
e∗FC
(4.20)
g is the gravitational acceleration and e∗ = gM
∗
n+m∑
i=1
Pi
is the participating mass per-
centage, whereas FC is the factor depending on the level of knowledge. Anal-
ogously, the spectral displacement is function of the check point displacement
dk:
d∗ = dk
n+m∑
i=1
Piδ
2
x,i
δx,k
n+m∑
i=1
Piδx,i
(4.21)
5. the spectral acceleration is compared to an acceleration demand (Damage Limit
State, DLS) and the ultimate displacement is compared with the displacement
demand given by response spectra (Ultimate Limit State or Life Safety, ULS).
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More in detail, in the DLS a comparison between accelerations has to be made. If the
element is on the ground or isolated, the code requires that:
a∗0 ≥ ag(PVR) S (4.22)
ag is the demand acceleration for a specific occurrence probability (or the PGA of the
natural accelerogram) and S depends on the topographic and soil features, while if the
element base is at height Z (H height respect to the ground), in addition, one needs to
verify:
a∗0 ≥ Sae(T1) ψ(Z) γ (4.23)
where Sae(T1) is the elastic acceleration spectrum evaluated in T1, the first period of the
building, while ψ(Z) = Z/H is the first mode shape and γ depends on the number of
floors (=1 if one floor). For what concerns the ULS, the ultimate capacity d∗u (0.4 times
the displacement corresponding to a null acceleration of the capacity curve) is scaled
by 40% to obtain the displacement capacity d∗s, namely d
∗
s = 0.4 d
∗
u. The spectral
acceleration a∗s, given by the capacity curve in correspondence of d
∗
s, is needed to
calculate the secant period Ts:
Ts = 2pi
√
d∗s
a∗s
(4.24)
Thus, it is needed that, if the element is on the ground or isolated:
d∗u ≥ Sde(Ts) (4.25)
where Sde(T1) is the elastic displacement spectrum evaluated in T1. In addition to that
check, if the element base is at height Z, it should be verified that:
d∗u ≥ Sde(T1)ψ(Z) γ
(
Ts
T1
)2√(
1− Ts
T1
)2
+ 0.02Ts
T1
(4.26)
From the procedure one can notice how the analogy with a SDOF oscillator is
clear. Nevertheless, the rocking block cannot be treated in this fashion. First, the
displacement-collapse multiplier curve is obtained with an equivalent static analysis,
then not taking into account any dynamic action. This can be a too simplifying step.
In addition, the target (capacity) displacement is calculated with an ultimate value that
can be very different depending on the masonry typology and geometry. Finally, the
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capacity curve and the response spectra used for the demand displacement are calcu-
lated with the SDOF oscillator hypothesis.
For further comments about this procedure the reader is referred to § 5.4.
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5 Rocking blocks approach in historic churches: the
effect of vaults and strengthening devices
5.1 Introduction
Localized approaches on historic churches are the most accepted tool for their seis-
mic vulnerability evaluation [4]. Different collapse mechanisms can be defined for
churches related to macro-elements (§ 2.4). Indeed, damages often take place locally,
because of the poor material mechanical properties and the complex constructive stages
occurred over time. However, the current codes require to adopt a kinematic (linear
and non-linear) analysis to determine whether rigid blocks can survive a given seis-
mic input. This approach seems to be too conservative and moreover neglects relevant
aspects of the motion such as the evolution of the system over time and the energy
dissipation.
By contrast, dynamic analysis considers changes of motion and inertial forces during
reversal loads such as seismic actions. In this chapter, a contribution to the need of
considering dynamic analysis instead of kinematic analysis is provided. Moreover, the
effect of different boundary conditions in terms of stiffness (represented by flexible
diaphragms or vaults determined in § 3) is investigated. The equations of motion of
the single and the two degrees of freedom systems are written, including the terms de-
pendent on the stiffness K. A real case where the issue emerges is a façade of a church
connected to vaults (Fig. 5.1). The façade is considered as a rocking rigid block with a
specific boundary condition.
The equations of motion are then included in a Matlab code, to study the dynamic
response of the rocking blocks to seismic records. Rocking spectra are obtained to
estimate the improvement in the seismic behavior. These graphs can be useful for
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Figure 5.1: Façade of the St. Maria Assunta church (Sellano, Perugia, Italy) and equivalent
scheme where the spring recreates the vault stiffness
engineers who aim to assess the effect of different boundary conditions, as tie-rods, in
rocking bodies.
5.2 Software code validation and settings
A Matlab code was purposely developed to investigate the dynamic response of rigid
blocks according to the Housner’s approach [133]. The code validation for the Hous-
ner model was performed with results available in literature. The rocking motion is
described by the integration of the differential equation ( 4.12), where the assumed
Lagrangian coordinate is the rotation ϑ.
The software code was implemented in rMatlab R2013 adopting the ODE45 solver
[189], which uses the 4th-5th order Runge-Kutta integration technique [190].
Eqs. 4.11 and 4.12 (and Eqs. 5.4, 5.5 with K) are numerically integrated via a state
space formulation obtaining rotation and velocity at each time step [152].
The damping effects were included by considering the restitution coefficient e depen-
dent on the slenderness ratio α according to Eq. 4.10. At each impact (ϑ = 0), the
velocity at the previous step is automatically decreased by a factor equal to the resti-
tution coefficient e. If not specified, it is simply taken as function of the slenderness
ratio α (eHousn), but in some cases more realistic - lower - values are assumed. The
reduction of velocity numerically occurs by means of an event identification function,
which stops the integration when the condition ϑ = 0 has been attained. After that
point, the integration starts with the updated reduced velocity but the same rotation as
the previous step:
ϑ˙+ = e ϑ˙− (5.1)
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where ϑ˙+ and ϑ˙− are respectively the velocity just after impact and just before it. If
the motion is one-sided, for instance in case of a façade restrained by transverse walls,
the rebound can be expressed by the following condition [191]:
ϑ˙+ = −rf e ϑ˙− (5.2)
where rf is a coefficient representing the amount of dissipated energy due to rebound.
In other words, the latter is regarded by Sorrentino et al. [191] as an additional damping
and a change in sign of velocity. The authors show that the addition of restraint on one
side does not reduce the rate of overturning of a set of blocks subjected to seismic
records. Nevertheless, if rf < 1, failure frequencies can markedly drop.
The instability threshold is assumed when ϑ = pi/2, assuming that the block can “sur-
vive” after the rotation ϑ reaches and overcomes α [140]. This could be valid both
for harmonic and seismic excitation: after the condition ϑ = α, then, the block can or
cannot survive depending on the action itself [137].
The software code written for the one degree of freedom case was validated compar-
ing the rotation time-history to results obtained by Makris et al. [152] and Sorrentino
[137]. As first comparison, a free vibration problem was considered, with initial con-
dition ϑ0/α = 0.9 (namely the ratio of initial rotation to slenderness ratio, where
α =arctan(b/h), 2b and 2h respectively block base and height, R semi-diagonal),
showing an excellent agreement (Fig. 5.2).
In addition, forced vibrations were considered, in particular the example provided by
0
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R=3 m, α=0.2 rad, θ0/α=0.9
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Fig. 2.6(A) Sorrentino, 2003
Numerical response (Matlab)* *
Pag 30 thesis phd Sorrentino, fig.2.6 (con coeff
e=0.9342 con teorico viene diverso)
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Figure 5.2: Comparison between the proposed Matlab code results and Sorrentino (fig. 2.6(A)
[137]): free vibration of the block with given initial rotation
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Figure 5.3: Cosine pulse excitation with amplitude ap= 0.310g and duration 2 seconds [152]
Makris in [152]. The rectangular block under examination has R = 1.839 m, α = 15◦
and p = 2.0 rad/s (p frequency parameter, Eq. 4.3). The excitation applied to the
system is a cosine pulse with duration Tp = 2 sec, expressed by:
u¨g = apcos(ωp t) (5.3)
where ap is the amplitude and ωp = 2pi/Tp the frequency. The function is in the range
0 ≤ t ≤ 2 sec and . After the cosine pulse, the force vanishes and the integration
continues up to 10 seconds to analyse the vibration effects (Fig. 5.3).
The integration was split up into two parts to have a faster computation: the first one
regards the cosine excitation up to 2 seconds. Afterwards, the final conditions at t =
2 sec in terms of rotation and velocity are used as new initial conditions for the next
integration, which is now a free vibration problem. Indeed, the analysis should be
continued at least for two impacts or up to collapse to have a complete understanding
of the motion [137]. The responses of the rocking blocks to the cosine pulse, depicted
in Fig. 5.4, are in close agreement.
To set reliable tolerance values, some checks were performed varying them and
monitoring outputs at the end of the pulse (t=2 sec). The scalar relative error tolerance
RelTol (1E-3 by default) and the absolute error tolerance AbsTol (1E-6 by default)
were properly decreased to achieve convergence. A sensitivity test was carried out
for the mentioned case. By setting the two tolerance values to 1E-4 (A), 1E-8 (B),
1E-10 (C), an error (average between rotation and velocity at t=2 sec) of 14% was
calculated between case C and A, and 0.002% between case C and B. Consequently, a
value of 1E-8 was considered to reduce computational time with low error. However,
when seismic records are considered, tolerances have to be set up higher in a balance
between computational time and convergence issues.
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Figure 4.1 Rocking response of rigid block: p=2.0 rad/sec, =15o [h=1.77 m, b=0.48 m, R=1.84 m, r=0.81], subjected to Type-B
pulse with Tp = 2 sec.
.. .
(b) Makris
Figure 5.4: Comparison between the response to type-B cosine pulse (amplitude 0.310g) and
Makris (fig. 4.1 in [152])
In Fig. 5.5 the cosine amplitude is increased to 0.315g and results are still in
good agreement with those reported by Makris. The increasing in the cosine ampli-
tude determines an increase of the periods of vibration and of amplitude. As shown in
Makris [152], a small increase to 0.316g causes the overturning of the block.
As last comparison for validation purposes, it is reported the response of a block with
R = 3 m, p = 1.566 rad/sec, α = 0.2 rad subjected to the well-known El Centro
earthquake [192], see Figs. 5.6, 5.7. In this calculation, values of AbsTol and RelTol
are set to 1E-6 and a good agreement is obtained.
5.3 Effect of different boundary conditions in the Housner’s block
response
5.3.1 Modification of the equation of motion
The motion equation of a block subject to external excitation (Eq. 4.11) is modified
to account for a spring with stiffness K at the top. The added stiffness represents
an element with stabilizing effect, such as strengthening devices (tie-rods), transverse
walls, vaults, etc. The equation of motion for a block subject to external excitation
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Figure 4.1 Rocking response of rigid block: p=2.0 rad/sec, =15o [h=1.77 m, b=0.48 m, R=1.84 m, r=0.81], subjected to Type-B
pulse with Tp = 2 sec.
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Figure 5.5: Housner model response to type-B cosine pulse (amplitude 0.315g) in comparison
with that in Makris (fig. 4.1 in [152])
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Figure 5.6: Imperial Valley 5/19/40 04:39, El Centro array 9, 180 - acceleration time-history
(g) and response spectra (USGS station 117) [192]
now reads:
ϑ¨+ sgn(ϑ)p2 sin(α− sgn(ϑ)ϑ) + sgn(ϑ)4 K R
2
I0
cos(α− sgn(ϑ)ϑ)·
·[sinα− sin(α− sgn(ϑ)ϑ)]− p2u¨gcos(α− sgn(ϑ)ϑ) = 0
(5.4)
valid for a homogeneous parallelepiped block (u¨g in g). In case of a general block with
mass m and moment of inertia I0 the equation becomes:
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Figure 5.7: Housner model respons to El Centro earthquake in comparison with that in Sor-
rentino (fig. 3.5(B) in [137])
I0ϑ¨+ sgn(ϑ)m g R sin(α− sgn(ϑ)ϑ)+
+sgn(ϑ) 4 K R2 cos(α− sgn(ϑ)ϑ) · [sinα− sin(α− sgn(ϑ)ϑ)]+
−m g u¨g R cos(α− sgn(ϑ)ϑ) = 0
(5.5)
The additional term dependent on K is obtained first computing the differential dis-
placement (in a deformed configuration) of a given point in the horizontal direction.
For a general expression of it, let us take for simplicity the centre of mass of the block
shown in Fig. 5.8. R is the position vector describing motion (radius vector). For the
sake of simplicity, the rotation angle ϑ and its differential ∂ϑ are assumed positive if
counter-clockwise. By starting from a deformed configuration (initial rotation angle
equal to ϑ), an infinitesimal rotation ∂ϑ determines the pair of horizontal and vertical
differential displacements (∂u, ∂v) expressed by (Fig. 5.8):
∂u1 = R cos(β + ϑ)−R cos(β + ϑ+ ∂ϑ) =
= R cos(β + ϑ)(1− cos∂ϑ) +R sin(β + ϑ)sin∂ϑ
∂v1 = R sin(β + ϑ+ ∂ϑ)−R sin(β + ϑ) =
= R sin(β + ϑ)(1− cos∂ϑ) +R cos(β + ϑ)sin∂ϑ
(5.6)
where (∂u1, ∂v1) are the differential displacement of the centre of mass of the rigid
body. Thus, considering (1− cos∂ϑ) ∼= 0 and α = pi/2− β, it holds:
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{
∂u1 = R cos(α− ϑ) sin∂ϑ
∂v1 = ∂u1 = R sin(α− ϑ) sin∂ϑ
(5.7)
R
A
t=0
t=t1t=t2
R
Figure 5.8: Scheme for defining displacements of the center of gravity of the Housner’s model
When the spring is applied at the top of the block (Fig. 5.9), the differential horizontal
displacement is modified as follows:
∂Z = 2R cos(α− ϑ) sin∂ϑ (5.8)
To write the virtual work, the expression of the finite displacement Z is needed. Thus,
the definite integral over the interval [0, ϑ˜] (where ϑ˜ is a given current rotation) is given
by:
Z = 2R [sinα− sin(α− ϑ˜)] (5.9)
The virtual work principle [136] is used to include the term dependent on K into the
Housner’s Eq. 4.11, giving Eq. 5.4. The virtual work made by the spring with stiffness
K is calculated by imposing a virtual differential displacement with respect to the
virtual rotation angle ∂ϑ. By using Eqs. 5.8, 5.9, the virtual work can be expressed as
follows:
∂WK = K Z ∂Z = 4K R
2 [sinα− sin(α− ϑ)]cos(α− ϑ) sin∂ϑ (5.10)
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Assuming the linearization of the trigonometric term dependent on the virtual rotation
angle one has:
sin∂ϑ ∼= ∂ϑ (5.11)
It is worthy to notice that this operation does not imply a linearization of the equation
of motion, but only a linearization of the virtual rotation angle. Substituting ( 5.11) in
( 5.12), the derivative of the work W with respect to ϑ is therefore given by:
∂WK
∂ϑ
= 4K R2 [sinα− sin(α− ϑ)]cos(α− ϑ) (5.12)
For a general system of n degrees of freedom, the equations of motion are obtained by
the energy formulation, based on Hamilton’s principle and on Euler-Lagrange equa-
tions:
d
dt
∂L
∂ϑ˙i
− ∂L
∂ϑi
= Nnc (5.13)
where L is the Lagrangian of the system, ϑi the generalized coordinate and Nnc the
non-conservative forces. The Lagrangian is given by the difference between the kinetic
Figure 5.9: Horizontal virtual displacement Z of the point where the stiffness K is applied
(a), stiffness sign assumption (b) and spring constitutive law (c)
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energy T and the potential energy U :
L = T − U (5.14)
Substituting (5.14) in (5.13), it holds:
d
dt
∂T
∂ϑ˙i
− ∂T
∂ϑi
+
∂U
∂ϑi
= 0 (5.15)
valid whether the system of forces is conservative and U does not depend on ϑ˙i. Con-
sidering the relation between the virtual work and the potential energy (the subscript i
is redundant as there is only one generalized coordinate):
∂U
∂ϑ
= −∂WK
∂ϑ
(5.16)
it holds:
∂U
∂ϑ
= −4K R2 [sinα− sin(α− ϑ)]cos(α− ϑ) (5.17)
which is the term dependent on K in Eq. 5.4 multiplied by I0 and not including the
sign function. Fig. 5.9(b) displays the stiffness sign assumption when non-linear case
is considered. In the linear problem, the stiffness K is the same whatever the rotation
sign is, while in the non-linear case theK value changes depending on whether positive
(counter-clockwise adopting the Housner’s assumption) or negative rotation occurs
(Fig. 5.9c). The non-linear case allows consideration of practical cases such as the
presence of a transverse wall for positive rotations and the presence of a tie-rod for
negative rotations.
5.3.2 Considerations on the assumption of real or parallelepiped homogeneous
blocks
The rocking block might be assimilated to a parallelepiped homogeneous block or an
equivalent block with a specific mass m. The latter case is described by the general
equation of motion 5.5, while in the first case the equation takes the simplified form 5.4
with the frequency parameter p.
The two equations are same whether K is equal to zero, as in 5.5 the mass is common
to the three terms depending on the kinetic energy (specifically the moment of inertia),
the restoring moment and the external excitation. This would not be valid in case of
the presence of a spring with a specific stiffness, since that term does not depend on the
mass. If the value of I0 is high, the term dependent on K might be too low to provide
a reduction of the amplitude ratio obtained with K=0. In this case, also, the term with
K can have a negative effect increasing the amplitude ratio (refer to § 5.27 for a real
situation in which this occurs).
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5.4 Applications to real cases in historic churches
The response of slender elements in two churches are analysed. These elements, an
altar and two façades, may be considered as slender rigid blocks. First, the analysis
is performed without taking into account any stiffness contribution, and making
comparisons with the requirements of the current Italian codes. Secondly, the stiffness
is included in the rocking body dynamic response, in both linear and nonlinear range.
Rocking spectra are also provided and commented.
5.4.1 Rigid blocks and seismic records
The churches under examination are the Beata Vergine Annunziata in Brugneto (Emilia
Romagna, Italy) and the St. Venerio church, described and analysed in § 6.8 and in
§ 6.7, 3.5 respectively. In these churches, three slender blocks are identified as signif-
icant in the rocking motion response, the altar and the main façades, described in the
following paragraphs.
The accelerograms and corresponding spectra that the churches experienced are
reported in Figs. 5.10 and 5.11 for the Mirandola station (PGA=0.212g), and
Figs. 5.12, 5.13 for that in Moglia (PGA=0.236g). Fig. 6.8 reports their location with
respect to the epicenter. They are referred to the East-West direction, which caused the
motion of the rocking for both the altar and the façades.
Actually, the plan of St. Venerio church is rotated of about 34◦ from the West-East
direction, then a combination of the N-S and W-E acceleration histories should be
considered. However, this aspect is considered negligible in this analysis.
It is interesting to compare the response spectra obtained with the Italian code and
the registrations of the events (with damping ratio 5%). For their definition it was
considered a C-type soil, ultimate limit state with return period of 949 years. For ex-
isting masonry structures, the Italian code allows to assume a behavior factor q =
1.5*1.5=2.25 (8.7 and 7.8.1.3 [3]). This value was considered to plot the correspond-
ing design response spectrum. The curves are reported in Fig. 5.14.
It is worthy to notice that the occurred earthquakes can be compared, in terms of in-
tensity, to the elastic response spectrum (q=1). The response spectrum of Novellara
(NVL) will be neglected herein due to its low intensity. Pseudo-displacement against
pseudo-acceleration curves are also plotted in Fig. 5.15. They will be used in the anal-
ysis of local mechanisms with the Italian code approach, whose procedure is described
in § 4.8.
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Brugneto MRN (spettri calcolati con SPEC 0% smorzamento)
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Figure 5.10: 2012 May, 29th Emilia Romagna Earthquake: acceleration time history in MRN
(Mirandola) RAN station and corresponding spectra (damping 0%)-West-East directionBrugneto MRN (spettri calcolati con SPEC 5% smorzamento)
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Figure 5.11: 2012 May, 29th Emilia Romagna Earthquake: acceleration time history in MRN
(Mirandola) RAN station and corresponding spectra (damping 5%)-West-East direction
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Brugneto MOG0 (spettri calcolati con SPEC 0% smorzamento)
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Figure 5.12: 2012 May, 29th Emilia Romagna Earthquake: acceleration time history in MOG
(Moglia) RAN station and corresponding spectra (damping 0%)-West-East directionBrugneto MOG0 (spettri calcolati con SPEC 0% smorzamento)
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Figure 5.13: 2012 May, 29th Emilia Romagna Earthquake: acceleration time history in MOG
(Moglia) RAN station and corresponding spectra (damping 5%)-West-East direction
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5.4.2 Minimum PGA to initiate rocking
The minimum ground acceleration that is able to initiate rocking of the considered
rigid body is given by the West’s formula, namely the ratio b/h multiplied by g. As
already pointed out, this ratio is said to be a measure of slenderness and indicated with
tanα.
Therefore, for instance, the Mirandola (MRN) action (PGA=0.212g) is capable to in-
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Figure 5.16: Façade of the St. Venerio church
duce uplift just to blocks with α ≤ arctan(0.212g) = 13.3◦. Similarly, being the
PGA of Moglia (MOG0) 0.236g, the maximum α for which the block can rotate is
α ≤ arctan(0.236g) = 14.8◦. Thus, the rocking spectrum is meaningless for less
slender blocks.
5.4.3 The façade of the St. Venerio church: rocking response during natural
acceleration time-histories
The façade of the St. Venerio church is considered to make comparison between the
rocking approach (solution with differential equation of motion) and that proposed by
the Italian code for SDOF oscillators. The façade has a maximum height of 11.95 m
and a width of 7.95 m, and is 0.70 m thick (Fig. 5.16). To perform a rocking analysis, it
is necessary to transform the façade in an equivalent rigid block. Here, the connection
with transverse walls is not considered for the sake of simplification. However, a non-
conservative term depending on friction and/or cohesion could be included to account
for it [31]. For the block dimensions definition, the height of the centre of mass to
the ground is assumed constant (5.90 m). The self-weight is computed with the actual
openings; adopting a specific weight of 18 KN/m3 a value of about 940 kN results.
With a constant thickness of 0.70 m, the equivalent width is then 6.23 m. Thus, the
block geometric features are R = 5.94 m, α = 3.37◦ (0.059 rad), with corresponding
apparent rocking period Tr = 5.64 sec and frequency parameter p = 1.11 rad/sec. The
rocking analysis is first carried out for a parallelepiped homogeneous block with the
same dimensions as the façade.
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MOG acceleration time histories, γ = 1, Ts = 2.14 sec
The block is assumed without arch thrust and overburden load, to directly compare
it with the dynamic analysis results. As shown in Fig. 5.17, the Italian code would
alert designers to state the unsafe façade conditions, since both the DLS and the ULS
are not verified (ULS just for MRN). Indeed, the acceleration capacity is lower than
the acceleration demand (but this is correct since it confirms the crack formation) and
the displacement capacity, in the case of MRN action, is lower than the displacement
demand. The verification was performed considering the element on the ground. The
hinge at the base was taken in the corner, assuming therefore an infinite compressive
strength of masonry. However, a reduced value of R can be simply taken to account
for a finite compressive strength. In this case, the infinite strength was assumed for the
complexity of defining how the value of R changes during motion depending on the
material local failure.
Fig. 5.18 illustrates the response of a homogeneous parallelepiped block with the di-
mensions of the façade. The block easily survives both actions, since the maximum
amplitude ratio is about 0.22.
To consider transverse walls, the façade should be investigated in the hypothesis of
one-sided motion, which might be more severe for the rebound effect [191]. Neverthe-
less, in this case, for both actions and considering or not additional damping (rf=0.8
or rf=1), the façade is safe, even though the one-sided condition is effectively more
severe (Fig. 5.19). It can be noticed how a reduction by just 20% of rf strongly de-
creases the maximum amplitude ratio (from about 0.4 to 0.1).
In addition, the case where the polarity of the action has been changed is reported, as
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Figure 5.18: Dynamic response of the rocking block representing the façade (Tr = 5.64 sec,
R = 5.94 m, α = 0.06 rad) under MRN and MOG actions (e = 0.9eHousn) - two-sided motion
the response is different and might fall in an unsafe condition (Fig. 5.20).
However, the results shown by the rocking analysis are in contrast with what high-
lighted in the current normative approach, namely the non-linear kinematic analysis.
Indeed, with the latter procedure the façade is not in safe conditions, while in the rock-
ing analysis the maximum rotations attains just about 20% of the slenderness ratio α.
The current code approach could be therefore defined too conservative in this case.
The same consideration is often found in literature [31, 182, 191].
5.4.4 The altar of the Beata Vergine Annunziata church: rocking response dur-
ing pulses and natural acceleration time histories
The rocking analysis is performed for the altar of the Beata Vergine Annunziata church
in Reggiolo (Italy), which experienced a crack all along its base during the 2012 earth-
quake (Fig. 5.21) and, therefore, probably rocked during motion (without overturning).
The altar has prismatic shape, and hence can be easily assimilated to the Housner’s
block.
The altar has dimensions of 2.26 m (higher part) to 2.66 m (lower part) at the base,
total height of 6 m and a thickness between 0.47 and 0.51 m (Fig. 5.22). An equivalent
prism was determined: by assuming a base length of 2.40 m and considering the actual
height of 2.96 m (from the top to the crack position), an equivalent thickness of 48.7
cm was then calculated. The equivalent block has therefore R = 1.499 m, p = 2.210
rad/sec, α = 0.163 rad (9.34 degrees), Tr = 2.84 sec. The block was first subjected
to a cosine pulse of duration 2 sec, (Fig. 5.3), with variable amplitude ap. The number
of impacts for different amplitudes is about constant (13-14 impacts in the considered
time interval, 10 seconds). It can be noticed how the altar survives up to an amplitude
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Figure 5.19: Dynamic response of the façade of St. Venerio for different additional damping
(rf=0.8 or rf=1 and e = eHousn) - one-sided motion with accelerogram +
equal to 0.190 g (Fig. 5.23). Indeed, the absolute value of the rotation overcomes the
assumed threshold rotation equal to pi/2 (1.57 rad). In addition, the maximum rotation
is always attained after the excitation pulse expires [145, 152], in contrast with what
was shown by Housner [133].
When the vulnerability assessment is done according to the Italian code (§4.8 [3]), the
beginning of motion is correctly predicted (Fig. 5.24), namely the Damage Limit State
(DLS) is not satisfied (indeed the crack formed as expected). The second requirement
concerning the Ultimate Limit State (ULS), assuming the base of the block at 2.96 m
as actually is, is not satisfied either. Thus, according to the Italian code procedure, the
block would collapse.
The value of Sde was taken for T1 = Ts = 1.09 sec, corresponding to the secant period
obtained from the capacity curve, since the altar is independent from the first vibration
period of the church. The displacement demand Sde results 4.7 cm, and the condition
in ULS at height Z is unsafe.
The altar response to MRN and MOG0 actions is displayed in Fig. 5.25. The same
analysis was done considering the real mass of the altar, resulting in similar outcomes
(Fig. 5.26). The analysis was carried out changing the polarity in sign of the accelera-
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Figure 5.20: Dynamic response of the façade of St. Venerio for different additional damping
(rf=0.8 or rf=1 and e = eHousn) - one-sided motion with accelerogram -
Figure 5.21: Altar in the Beata Vergine Annunziata church
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Brugneto Altar (cosine excitation T=2 sec)
Figure 5.22: Dimensions (cm) and rocking motion of the altar
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Figure 5.23: Altar response to cosine pulse of duration 2 sec and variable amplitude ap
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Figure 5.24: Altar capacity curve according to the Italian code [3] considering MRN and
MOG0 records. γ = 1, Ts = T1 = 1.09 s, ψ = 0.51
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Figure 5.25: Dynamic response of the rocking block (homogeneous parallelepiped) represent-
ing the altar (Tr = 2.84 sec, R = 1.50 m, α = 0.163 rad) under MRN and MOG records
(e = eHousn)
tion time-histories, since the response can differ [191]. The maximum amplitude ratio
is only about 7% and 18% respectively of the slenderness ratio α, namely the altar was
not vulnerable to this action. According to this analysis, therefore, the block survives
both excitations.
For that reason, the current code approach is too conservative to assess the seismic
vulnerability of the altar.
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Figure 5.26: Dynamic response of the altar under MRN and MOG records (e = eHousn)
5.4.5 The façade of the Beata Vergine Annunziata church: rocking response for
different stiffness at the top
The façade of the Beata Vergine Annunziata church is considered to make compar-
ison between the rocking approach and that proposed by the Italian code for SDOF
oscillators. Moreover, the effect of different boundary conditions in terms of stiffness
K at the top of the block, assumed as Housner’s block, is investigated. The façade
has a maximum height of about 14.40 m and a width of 19.70 m, and is 0.50 m thick
(Fig. 5.27). To obtain the equivalent height of the prism, keeping constant the width,
the thickness and the self-weight, a value of 10.10 m results. Thus, the geometric fea-
tures of the block are R = 5.06 m, α = 2.86◦ (0.05 rad), with corresponding apparent
rocking period Tr = 5.18 sec and frequency parameter p = 1.21 rad/sec.
In the analysis, the façade is assumed without arch thrust and overburden load, to di-
rectly compare it with the dynamic analysis results. As shown in Fig. 5.28, the Italian
code would identify the unsafe façade conditions, since both the DLS and the ULS
are not verified (ULS only for MRN). The verification was performed considering the
element on the ground, differently from what was done for the altar (Fig. 5.24).
If the façade is assumed to be a parallelepiped homogeneous isolated block, it is
capable to survive MRN action attaining a maximum amplitude ratio of about 0.42
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(Fig. 5.29). The same occurs for the MOG0 action, for which the maximum amplitude
ratio is about 0.13. In both cases, the amplitude ratio is not sensitively reduced by
the damping effect, since the slenderness ratio is very low (about 0.05) and therefore
the reduction coefficient according the Housner’s definition is 0.99. In addition, the
analysis was performed with a restitution coefficient equal to 0.9 times that mentioned,
as suggested by Sorrentino (Fig. 5.30). From Fig. 5.30, one can see how much the
restitution coefficient influences motion, thus a correct choice of it is relevant. Lower
the restitution coefficient, higher the number of passages through zero. The amplitude
ratio also goes to zero much more rapidly. Nevertheless, a lower restitution coeffi-
cient does not mean a lower amplitude ratio peak, as seen in case of the MOG0 action,
where this value is besides increased to about 0.21. By contrast, for the MRN action
this value decreased by 15%.
Referring to the effect of K, the façade (as homogeneous parallelepiped block) was
subjected to a cosine pulse with amplitude 0.30g and duration 2 sec, first without in-
cluding the stiffness K and secondly including its effect with Eq. 5.4. If the case is
linear (namely the same K clockwise and counter-clockwise) and K = 100 N/m, the
amplitude ratio strongly decreases, thus it is sufficient to add a device that recreates
this stiffness (in tension and in compression) to have a strong improvement in the re-
sponse (Fig. 5.31). If the amplitude is 0.30g, the maximum amplitude ratio changes
from almost 100% (near collapse) to 30% just with the addition of the stiffness at the
top. The number of passages through zero strongly increases and the reduction of am-
plitude is very low due to the high restitution coefficient (equal to 0.9963 for the given
α). The block with the same K survives a pulse excitation with amplitude about 0.9g.
FACADE
19.7 m
14
.4
 m
Figure 5.27: Façade of the Beata Vergine Annunziata church and the incipient overturning
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Figure 5.28: Façade capacity curve according to the Italian code [3] considering MRN and
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Figure 5.29: Dynamic response of the rocking block representing the façade (Tr = 5.20 sec,
R = 5.06 m, α = 0.05 rad) under MRN and MOG actions (e = eHousn)
To have a rough idea of the amount of that stiffness, it can be compared to a groin
vault (assuming masonry linear) with square plan of dimensions 300 cm, f/L=0.4 and
thickness between 6 and 12 cm (§ 3.14 and Fig. 3.3.2).
If the spring is located at the middle height of the block, the amplitude ratio would col-
lapse with a stiffness of 100 N/m (since it overcomes a threshold amplitude ratio fixed
equal to 2) and an amplitude 0.30g (Fig. 5.32). It is sufficient to double the stiffness to
get a safe situation, namely an amplitude ratio about equal to 1.
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Figure 5.30: Dynamic response of the rocking block representing the façade (Tr = 5.20 sec,
R = 5.06 m, α = 0.05 rad) under MRN and MOG actions (e = 0.9eHousn)
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Figure 5.31: Façade subjected to cosine pulse excitation of duration 2 sec and amplitude 0.30g,
0.90g (K = 100 N/m at the top)
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Figure 5.32: Façade as parallelepiped block subjected to cosine pulse excitation of duration 2
sec and amplitude 0.30g (K = 100− 200 N/m at middle height)
The real mass of the façade is now considered. The façade self-weight is 1755 kN , as-
suming a specific weight of 18 kN/m3 and a volume 97.51 m3. First, the less realistic
two-sided motion is analyzed and K = 0. The two responses considering the block
as homogeneous parallelepiped and with its real mass are reported in Fig. 5.33. The
amplitude ratio is larger if the real mass is considered.
Let us assume that the façade is restrained by a spring at the top, with K = 100 N/m
in tension and compression. As explained in § 5.3.2, the response is different since
the term depending on K does not contain the mass (Eq. 5.5). However, in the case
of homogeneous parallelepiped block the amplitude ratio is sensitively lower than that
with K = 0 (about 80%, see Fig. 5.31), as expected from the stabilizing effect of K.
By contrast, if the real mass is considered, the maximum amplitude ratio is 0.60 with
K = 0. With K = 100 N/m, basically no change occurs (Fig. 5.34).
Although the response is already in a safe domain, a larger K have to be assumed to
get a lower amplitude ratio. In addition, similarly to the restoring term depending on
the self-weight, the contribution of the K term in the equation of motion might not be
in favour of safety (overturning effect) depending on the type of action involved. Thus,
not always the effect of any K > 0 decreases the amplitude ratio. A stiffness of 1E6
N/m is needed to get a reduction by 75% of the amplitude ratio and a reduction by 85%
for K=1E7 N/m (Fig. 5.34). A value of 1E7 N/m corresponds, for instance, to a steel
tie-rod with diameter 14 mm and length 3 m.
As limit case, since the façade is restrained by transverse walls, the analysis of one-
sided motion [191] is carried out, adopting as additional damping rf = 1 or rf = 0.8
and changing records polarity. For rf = 1 the block would overturn in both cases (but
MOG0 -), while for rf = 0.8 the block survives the records (Figs. 5.35, 5.36).
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Figure 5.33: Façade subjected to MRN action for the equivalent homogeneous parallelepiped
block and considering the real mass (K = 100 N/m at the top, e = 0.9 eHousn)
5.4.5.1 Non-linear case: façade connected to a vault and a steel tie-rod In § 5.3
the addition of a non-linear stiffness was discussed. The different value of stiffness
whether the block rotation is counter-clockwise (negative) or clockwise (positive) is
automatically included in the equation depending on the rotation angle sign. This is
accomplished by means of an events definition subroutine, implemented in the ODE
solver.
Fig. 5.37 shows a real case in which the façade is connected to a vault and, possibly, to
a steel tie-rod. In § 3 a procedure to identify the equivalent stiffness of different vaults
typologies was illustrated. Some results are used here to have an equivalent stiffness
value. The assumed geometric features of the system are:
• façade with self-weight 1755 kN and R = 5.04 m;
• groin vault with L = 300 cm, f/L = 0.10, t = 6 cm, resulting in Kv =
4.0E6 N/m (Fig. 3.13). The vault position is defined by a radius vector RV =
7 m;
• steel tie-rod with diameter 20 mm, length 300 cm, αv = 0.072 rad resulting
in Ktie = 22.0E6 N/m. It is assumed that the position of the spring with its
stiffness is the same as the spring representing the groin vault (R = RV ).
Nevertheless, as already introduced in § 5.3, being the sign of the seismic record un-
known, the analysis has to be performed changing the sign of the record itself. A
constant K is considered. Naturally, the involved simplification is relevant, since, as
seen in § 3, masonry vaults are damaged and their equivalent stiffness rapidly drops
even with small relative displacements between supports. That is partially reduced if a
steel tie is acting against the vault supports displacements, as it performs as restraint.
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Figure 5.34: Façade (real mass) subjected to MRN action and different K values at the top,
e = 0.9 eHousn
The most severe results (considering the maximum amplitude ratio changing the record
polarity) are reported in Fig. 5.38. It can be seen that not considering additional damp-
ing (a) could provide too conservative results, since the block overturns. Instead, ad-
ditional damping (case b) avoids the block collapse. With the method here presented,
without the stabilizing effect of the tie-rod (case c) the maximum amplitude ratio (ab-
solute value) is higher than case (b), even though the stiffness is a finite value and
calculated taking into account the vault in the lateral nave. If an additional steel tie
rod is applied, the maximum amplitude ratio is decreased from 0.6 to 0.1 (case c),
showing a good improvement even though the block can survive also with Ktie = 0.
This analysis can be considered as an alternative to that proposed in [191], namely
with the rebound effect, where the additional damping value is complex to establish.
In our case, the stiffness is calculated taking into account the actual configuration of
the connected vault and therefore a finite value of K is used. It is noted that the church
longitudinal walls (0.40 m thick) at the sides of the façade, about 20 m wide, have not
been considered in the evaluation of K. By adopting a finite K value for the vault
(Fig. 5.38c), the method deals with one-side restraints in a more realistic way. The
maximum values of amplitude ratio are similar if an additional damping is assumed
and a vault is considered as one-side restraint (cases b and c).
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Figure 5.35: Dynamic response of the façade of B.V. Annunziata church for different addi-
tional damping (rf=0.8 or rf=1 and e = eHousn) - one-sided motion with accelerogram +
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Figure 5.36: Dynamic response of the façade of B.V. Annunziata church for different addi-
tional damping (rf=0.8 or rf=1 and e = eHousn) - one-sided motion with accelerogram -
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Figure 5.37: Façade connected to a vault and a steel tie-rod (left): rocking scheme with corre-
sponding equivalent stiffness (right)
When the rotation is positive (counter-clockwise) the positive value of the amplitude
is larger, as expected, as in that direction no restraint provided by a spring is acting.
Naturally, the presented analysis is valid only if the maximum displacement dV,max of
the vault support is admissible (Fig. 5.38 (c)):
dV,max = RV sin(θmax,c) = 700 sin(0.05 · 0.63) = 22.05 cm (5.18)
dV,max is a too high value, possible only if the vault has mechanical properties capable
of guaranteeing this displacement with a constant stiffness. Nevertheless, if the tie-rod
is considered, this value decreases to (Fig. 5.38 (d)):
dV,max = RV sin(θmax,d) = 700 sin(0.05 · 0.09) = 3.15 cm (5.19)
To consider this value admissible, the vault made up only by traditional masonry is
likely to be insufficient and some strengthening (e.g. with an overlay with inorganic
matrices and a net) seems required. It is believed that experimental results on masonry
vaults, with and without strengthening, would provide the correct data to modify the
code so that after a given value of the vault horizontal displacement, the stiffness Kv
is set to zero.
However, the block itself survives the excitation in the isolated case (Fig. 5.38 (a)),
if the transverse walls are considered as perfect restraint with a realistic value of
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Figure 5.38: Rocking analysis for the façade of Beata Vergine Annunziata church: rebound
effect by transverse walls without additional damping (a), with additional damping (b), con-
sidering different boundary conditions with only the vault (c) and the vault and a steel tie rod
(d)
rf = 0.8 (Figs. 5.35, 5.36) thus this case could be reasonably considered safe.
5.5 Rocking spectra
5.5.1 Rocking spectra for homogeneous parallelepiped SDOF block (Housner
model) and K=0
Rocking spectra were computed by varying the apparent rocking period Tr = 2pi/p
(p frequency parameter) from 1 to 8 seconds and slenderness ratios α = 3◦, 10◦, 12◦,
considering homogeneous parallelepiped blocks. The calculation was also performed
for α = 13◦ but rotation values were too low to be reported in graphs, since the motion
is not activated for values equal or larger than the PGA of the considered records (MRN
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and MOG0).
As restitution coefficient it was assumed first the theoretical one provided by Housner
multiplied by 0.9 as suggested by Sorrentino [137], therefore for α = 3◦ it results
e = 0.899 (Fig. 5.39).
Secondly, for blocks with α = 3◦ it was assumed a lower value of restitution coefficient
equal to 0.8 (Fig. 5.40). The restitution coefficients for the other slenderness ratios
were scaled from this value depending on the percentage reduction of the angle. Thus,
a reduction coefficient of 0.789 was considered for α = 10◦ and one of 0.780 for
α = 12◦.
From the rocking spectra, one can notice as, larger the block, namely larger 2pi/p or
R, the maximum amplitude decreases. That scale effect was already shown by many
contributions in literature [133, 144, 152].
Moreover, larger values of α give larger amount of energy loss. Fig. 5.40 shows that, if
a block with slenderness α = 3◦ and restitution coefficient e = 0.8 has Tr larger than
5 sec (corresponding to R ≥ 2.98 m), it survives the MRN acceleration time history.
This result is quite interesting because the block survives an acceleration time history
with PGA more than 4 times larger than its slenderness (0.05 rad).
In addition, for α = 10◦ and period lower than 2 sec the block does not survive with
the 90% of the theoretical restitution coefficient (Fig. 5.39), but reducing it by 10%,
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Figure 5.39: Response spectra (left) and rocking displacement and velocity spectra (right) for
MRN action (e = 0.899 for α = 3◦)
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Figure 5.40: Response spectra (left) and rocking displacement and velocity spectra (right) for
MRN action (e = 0.8 for α = 3◦)
the dissipation energy is such as it strongly reduces the amplitude ratio even for stocky
blocks (Fig. 5.40). The same occurs - still for for α = 10◦ - if the MOG0 record is
applied (Fig. 5.41). Nevertheless, not always a larger dissipation of energy produces
benefits, as for the case α = 3◦ and e = 0.899 (Fig. 5.39) or e = 0.8 (Fig. 5.40) for
MRN record. Indeed, the limit value for the block safety is in both cases Tr ∼= 5 sec.
However, if the record is different (MOG, Fig. 5.41, the limit value of Tr decreases
from about 4 to 3.
It is possible to confirm the Makris et al consideration [152] from Figs. 5.40 and 5.39.
As the natural period increases, the displacement in the response spectrum has a peak
and then decreases. On the other hand, as the apparent period increases the maximum
rotation decreases, showing a completely different behavior. It is quite clear that the
current procedures require then too high displacement demands for slender blocks that
actually are easily able to survive seismic inputs, as it was seen in the previous analyses
and will be pointed out in § 5.5.3.
Fig. 5.42 is a resume of the previous outcomes, and it permits to consider the risk
connected to each seismic action, for a specific slenderness ratio and period Tr. In this
case, even though the PGA of MOG0 action is higher than that of MRN, the latter is
more dangerous since the safe region is narrower. This is probably due to the fact that
MRN record has higher PGV than MOG0 (Table 5.2).
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Figure 5.43: Rocking displacement and velocity spectra (α = 0.05 rad) for different stiffness
values K at the top of the block
5.5.2 Rocking spectra for homogeneous parallelepiped SDOF block (Housner
model) with different boundary conditions and effect of K
Considering a linear stiffness of K = 10 N/m and K = 100 N/m at the top of the
block, it can be noticed how the admissible region is much wider (Fig. 5.43). The
block, whatever the period is, does not overturn with the added spring. This stiffness
may be obtained by retrofitting devices as a timber strut or a steel element (with no
buckling). The representation of Fig. 5.43 is a rapid tool to verify whether the interven-
tion technique is satisfying or not, depending on the value assumed for K. Obviously,
a proper set of natural or spectrum compatible accelerograms have to be considered
for that purpose. Possibly, they should have different PGA and frequency contents or
Power Spectrum Density.
5.5.3 Rocking analysis and code approach for SDOF walls (K = 0)
Masonry walls, which may be façades or elements similar to blocks, are studied with
rocking spectra in the as-built (namely withK=0) and strengthened configuration (with
K assuming specific values). The aim is to interpret the role of a boundary condition,
represented by a spring with stiffness K, in the dynamic response of the block, based
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Table 5.1: Acceleration time histories in parametric rocking analysis
Event name Date MW Station Soil type (EC) Comp.
NVL 05-29-2012 6.0 Novellara C E-W
MRN 05-29-2012 6.0 Mirandola C E-W
MOG0 05-29-2012 6.0 Moglia C* E-W
AQV 06-04-2009 6.3 L’Aquila V.Aterno B E-W
CAPE M 04-25-1992 7.1 Cape Mendocino - 0
Table 5.2: Acceleration time histories in parametric rocking analysis: peak ground acceler-
ation, velocity, displacement and distance/depth of the epicenter. Network: I=IT-RAN-DPC
[195], U=USGS [192]
Event name PGA (g) PGV (m/s) PGD (cm) Repi (km) Depth (km) Source
NVL 0.055 0.02569 7.68 28.0 10.2 I
MRN 0.212 0.2851 9.14 4.1 10.2 I
MOG0 0.236 0.266 3.745 16.4 10.2 I
AQV 0.657 0.4 6.787 5.1 8.3 I
CAPE M 1.346 1.274 41 10.4 9.6 U
on the Housner formulation. The assumed simplification is again that the block rotates
around its corner (infinite compressive strength, but a proper reduction of R can ac-
count for it), the motion is in two dimensions and neither bouncing nor sliding occur.
Moreover, no geometrical imperfections are considered. Indeed, the lack of a system-
atic correlation between the response and geometrical imperfections would suggest
assuming no imperfections [191].
To adopt a procedure similar to analogous studies (Sorrentino [137]), three walls
sizes R = 1.5, 2.5, 3.5m and values of α between 0.05 and 0.25 were considered.
Note that, according to [193], the usual relation in historic buildings is about 1/7 or
0.14, whereas the slenderness is limited by Eurocode 6 [194] to 1/27 for walls sup-
ported at the top or bottom (therefore 1/13.5 = 0.08 for cantilever walls). In addi-
tion, the restitution coefficient was taken equal to 90% of the theoretical one, namely
e = 0.90 eHousn = 0.90 (1− 3/2sin2α) (§ 4.7).
The considered acceleration time-histories are reported in Tables 5.1 and 5.2. They
have magnitude between 6.0 and 7.1, three of them (MRN, AQV and CAPE M) are
far-field (distance from the source more than 15 km), while the others are near-field
records.
The results are reported in Fig. 5.44.
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Figure 5.44: Number of collapses considering the code approach and the rocking analysis, for
blocks with R varying from 1.5 to 10.0 m and α between 0.05 and 0.25
Applying the code procedure, with R constant, the secant period Ts is the same chang-
ing α. Ts increases if R increases, with α constant. Thus, if the displacement demand
increases if the equivalent period increases, the verifications - with α constant - are
more severe for greater R (Fig. 5.44). Nevertheless, since also the displacement ca-
pacity increases with R, the collapse can occur with lower probability for higher R.
The same occurs if the rocking analysis is performed, due to the scale effect [133, 137],
significant for high amplitude excitations [144]. Therefore, a scale effect emerges also
in the kinematic approach.
The capacity is lower than the demand for records with larger PGV, which is confirmed
to be a significant parameter for the riskiness of the earthquake [144], even if the block
is treated as equivalent oscillator. Nevertheless, for instance if α=0.10 rad and R=3.5
m, the block collapses with MRN record, which has a PGA lower than MOG, but
higher PGV (Table 5.2). Indeed, if MOG is considered, the block survives the earth-
quake. The same occurs for MRN and MOG in the rocking analysis, for α=0.05 rad
and R=3.5 m. The verifications not satisfied in the code approach are often verified
in the rocking analysis; the opposite never happens. In the 100 analysis performed,
there are in total 14 inconsistencies, namely the cases result safe with rocking analysis
and unsafe with the normative approach. 26 blocks collapse with the code approach,
5.5 Rocking spectra 147
therefore the normative method seems conservative in about 14/26=54% of the cases
in which collapse occurs.
5.5.4 Rocking analysis and code approach for SDOF walls (K 6= 0)
A parametric analysis was also performed with different boundary conditions. Walls
with R=1.5, 2, 2.5, 3, 3.5, 5, 10 m and α=0.05, 0.10, 0.15, 0.25 (28 blocks types)
for the above mentioned acceleration time-histories (PGA range between 0.055g and
1.345g), and K=0, 1E3, 1E4, 1E6 N/m have been examined, totalling 560 analyses
carried out. The width of all walls is fixed and assumed 3 m, while the specific weight
is γ = 18kN/m3. In Table 5.3 some values of K for a steel tie-rod - typical retrofitting
measure for masonry walls - with length 3 m and variable diameter are listed.
Table 5.3: K values of steel tie-rod with length 3 m and variable diameter
d (mm) (kN/m)
2 2.20E+02
5 1.40E+03
10 5.50E+03
20 2.20E+04
30 4.90E+04
40 8.80E+04
50 1.40E+05
For α ≥ 0.10, all blocks survive all the acceleration time histories but Cape Mendo-
cino, in both approaches (Fig. 5.45).
The benefit of introducing K, namely the reduction of amplitude ratios to admissible
values (Fig. 5.46), emerges whenever the term depending on K in Eq. 5.5 overcomes
that depending on the imposed acceleration. Also, it should overcome or at least be
similar to the contribution given by the term depending on the self-weight. Therefore,
the larger the wall mass, the larger K. In the examined cases the minimum value is
about 10 kN/m while for higher masses, for instance a 180-tons façade, K should be at
least 100 or 1000 kN/m (§ 5.3.2, 5.4.5). As general advise, the term 4 K R2/I0 has to
be one or two orders of magnitude greater than the square of the frequency parameter
p2 = m g R/I0.
The one-sided case is not efficient, as occurs in façades restrained by transverse walls
[191]. Thus, in the non-linear case, assuming a finite value for K+ and a zero value
for K+ could result in overturning. It should be noted that the values of K+ and K−
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The spring with stiffness  is applied at the top of the wall. The geometric dimensions and weights 
are the same used in the rocking analysis. Obviously, for all  the acceleration that triggers motion ∗ 
does not change, as the spring at  = 0 is inactive. For  =1 kN/m and α=0.05 rad, the curve is almost 
linear, and the ultimate displacement capacity increases (Fig. 14b). Nevertheless, 45% of the blocks 
that overturn in the code procedure survive by contrast in the rocking analysis. Consequently, the code 
approach is found to be again over-conservative. 
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(c)  
 
(d) 
 
Fig. 13: rocking analysis results (α=0.10 rad): Cape Mendocino (a), L'Aquila (b), Mirandola (c) and Moglia (d) 
records 
For higher values of , e.g.  = 10	
/, the shape of the curve is less linear for lower  (Fig. 14 
a). This occurs since the restoring effect is more pronounced as the self-weight is lower for lower . 
The same consideration has been made for the rocking analysis, where the benefit of introducing  is 
effective if  is higher than a limit value.  
Nevertheless, it should be noticed that the values of  in the present analysis are low for typical steel 
tie-rods (Table 2), but they have been considered just for comparison purposes. Indeed, for higher 
values of  in both approaches no collapses occur. 
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Figure 5.45: Rocking analysis results (α=0.10 rad): Cape Mendocino (a), L’Aquila (b), Mi-
randola (c) and Moglia (d) records
are similar or one-two orders of magnitude different with respect to the minimum K
for which the amplitude ratio is reduced.
Furthermore, it s noteworthy to compare these results with the outcomes from the
kinematic non-linear approach proposed by the Italian code. Obviously, for all K the
acceleration a∗0 does not change, as the spring at u = 0 is inactive.
The inconsistencies between the current normative approach and the dynamic analysis
can be recognized only for K =1000 N/m and α=0.05 rad; indeed, for higher values
of stiffness (K ≥ 1E4 N/m) and slenderness ratio (α ≥0.10 rad), no collapse occurs
either in the kinematic nor in the dynamic analysis. In the 100 analysis performed
assuming K =1000 N/m and α=0.05 rad, there are 8 inconsistencies, namely the cases
result safe with rocking analysis and unsafe with the normative approach. 14 blocks
collapse with the code approach, therefore 8/14=57% of the blocks that overturn in this
procedure survive in the rocking analysis (Fig. 5.48). Consequently, the code approach
is found to be again conservative.
For K=1 kN/m and α=0.05 rad, the curve is almost linear, and the ultimate displace-
5.5 Rocking spectra 149
 
15 
 
2. The benefit of introducing , namely the reduction of amplitude ratios to admissible values, 
emerges whenever the term depending on  in Eq. (1) overcomes that depending on . Also, 
this term should overcome or at least be similar to the contribution given by the term 
depending on the self-weight. Therefore, the larger the wall mass, the larger . In the 
examined cases (3 m width,  between 1.5-3.5 m and α between 0.05 and 0.025 rad, =18 
kN/m3) the minimum value is about 10 kN/m while for higher masses, for instance a 180-tons 
façade,  should be at least 100 or 1000 kN/m [24]. As general advise, the term 4/
 has 
to be one or two orders of magnitude greater than the square of the frequency parameter 
 = /
.  
3. The one-sided case is generally not efficient, as occurs in façades restrained by transverse 
walls [19]. Thus, in the non-linear case, assuming a finite value for  and a zero value for 
 or viceversa could result in overturning. It should be noted that the values of  and  
are similar  or  1-2 orders of magnitude different with respect to the minimum  for which the 
amplitude ratio is reduced (point 2). 
 
Furthermore, it is noteworthy to compare these results with the outcomes from the kinematic non-
linear approach proposed by the Italian code.  
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Fig. 12: rocking analysis results (α=0.05 rad): Cape Mendocino (a), L'Aquila (b), Mirandola (c) and Moglia (d) 
records 
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Figure 5.46: Rocking analysis results (α=0.05 rad): Cape Mendocino (a), L’Aquila (b), Mi-
randola (c) and Moglia (d) records
and α between 0.05 and 0.025 rad, =18 kN/m3) the minimum value is about 10 kN/m while for 
higher masses, for instance a 180-tons façade, K should be at least 100 or 1000 kN/m (Giresini, 
2015). As general advise, the term 4/ has to be one or two orders of magnitude greater than 
the square of the frequency parameter 	 = /.  
3. The one-sided case is not efficient, as occurs in façades restrained by transverse walls (Sorrentino, 
2008). Thus, in the non-linear case, assuming a finite value for K+ and a zero value for K+ could 
result in overturning. It should be needed that the values of K+ and K- are similar, or, 1-2 orders of 
magnitude different with respect to the minimum K for which the amplitude ratio is reduced (point 
2). 
Moreover, let us make a comparison with outcomes from the kinematic non-linear approach proposed by the 
Italian code. The spring with stiffness K is supposed to be at the top of the wall. The geometric dimensions 
and weights are the same imposed for the rocking analysis. Obviously, for all K the acceleration ∗ does not 
change, as the spring at  = 0 is inactive. For K=1 kN/m and α=0.05 rad, the curve is almost linear, and the 
ultimate displacement capacity increases (Fig. ---b). Nevertheless, 45% of the blocks that overturn in the 
code procedure survive by contrast in the rocking analysis. Consequently, the code approach is found to be 
again over-conservative.  
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Fig. 2: kinematic curves for the equivalent single DOF oscillator: K=10 kN/m (a) and K=1 kN/m (b) 
For higher values of K, e.g. K=10 kN/m, the shape of the curve is less linear lower R (Fig. --- (a)). This 
occurs since the restoring effect is more pronounced as the self-weight is lower for lower R. The same 
consideration has been made for the rocking analysis, where the benefit of introducing K is effective if K is 
higher than a limit value.  
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Figure 5.48: Comparison between the code approach and the rocking analysis for the case K
=1000 N/m and α=0.05 rad
ment capacity increases (Fig. 5.47 (b)).
For higher values of K, e.g. K=10 kN/m, the shape of the curve is less linear for
lower R (Fig. 5.47 (a)). This occurs since the restoring effect is more pronounced as
the self-weight is lower for lower R. The same consideration has been made for the
rocking analysis, where the benefit of introducing K is effective if K is higher than a
limit value.
5.6 Systems with two DOF and different boundary conditions
5.6.1 Definition of the system
The formulation is based on the Housner’s approach, but in this case the effect of
different boundary conditions (springs with a specific stiffness) and the fact that the
system is two degrees of freedom (2DOF) have to be included.
If the two rigid blocks-system is subjected to an out-of-plane action, regardless of
whether static or dynamic action is considered, the intermediate hinge (M in Fig. 5.49)
horizontal displacement determines an increasing of Potential Energy (PE). In order to
keep equilibrium and avoid instability, the Kinetic Energy (KE) intervenes in terms of
inertia forces.
When the maximum displacement has been reached, PE is maximum while KE, or the
velocity, is zero; if the instability does not occur, the rocking motion goes on in the half-
cycle: the PE decreases and is converted to KE by gravitational restoring moments. KE
is maximum in the vertical position; in the following half-cycle the relationship F −∆
traces back without any hysteresis in the idealised case. Actually, due to energy losses
in the joints rotations, a narrow hysteresis loop occurs [128]. That energy exchange
takes place in the opposite direction until energy losses vanish the total energy.
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The effect of bouncing could be included [141], but it was seen to be a more relevant
aspect for slenderness ratios (λ = H/B namely height to thickness of the Housner’s
model, see Fig. 4.5) smaller than 3-4 for restitution coefficient greater than 0.8. In
the present case, the slenderness considered is always larger than this value (namely
the slenderness ratio α = 1/λ < arctan(1/3)=20◦), thus no bouncing was taken into
account.
The block rocks without sliding (necessary condition) if the static friction coefficient
µ > 1/λ = α [196]. The largest considered value of α is 0.2 and the expected values
of static friction coefficient are for a stone masonry in the range of 0.6-0.8 [197], so
sliding can be neglected.
The involved elements (forces and springs) are the following, from top to bottom of
Fig. 5.49:
• KM and KB: horizontal stiffness of the intermediate and upper hinge respec-
tively;
• KM uM and KB uB: horizontal forces developed by the intermediate and upper
hinge respectively (u horizontal displacement along x);
• W2 and m2 a2: vertical load and horizontal inertia action of the upper block;
• W1 and m1 a1: vertical load and horizontal inertia action of the lower block;
Let us define q1 as the rotation of the lower block and q2 the rotation of the upper
block. Rotations, assumed as Lagrangian coordinates, are positive if clockwise. Dis-
placements are positive if in the same direction of coordinates axes. The different
assumption of the rotation sign is due to the fact that with positive rotation of the lower
block, horizontal displacements are positive if directed from left to right. Still referring
to Fig. 5.49, four rocking cases may be defined:
• case 1: q1 > 0, q2 < q1 the lower block rotates about the point A, all points
belonging to that block are subjected to positive horizontal and vertical displace-
ments. The upper block rotates about the point M and its points are subjected to
positive vertical displacements. If the system falls back into the vertical position,
it will assume one of the following three cases:
• case 2: q2 > q1 > 0, the lower block rotates about the point A and the upper one
around M ′. Horizontal displacements are positive;
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Figure 5.49: Possible configurations of the 2DOF system defined by the two masses m1 and
m2 and springs with stiffness KB and KM
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Figure 5.50: 2DOF rocking system with restrained vertical displacements
• case 3: q1 < 0, q2 > q1, the lower block rotates about the point A′, all points
belonging to the block are subjected to positive horizontal and vertical displace-
ments. The upper block rotates about the point M ′ and its points are subjected
to positive vertical displacements;
• case 4: q2 < q1 < 0, the lower block rotates about the point A′ and the upper
one about the point M . Horizontal displacements are negative.
A similar problem was investigated by Gabellieri [198], but in the present case the
intermediate spring is considered in addition to the upper spring. Also, in this case the
trigonometric terms are not neglected, namely there is no linearization of the equation
of motions, that was seen to provide incorrect results [137].
According to the Housner’s formulation, the geometric parameters that describe mo-
tion are R1 (radius vector of the lower block) and α1 (slenderness ratio of the lower
block). Analogously for the block 2, withR2 and α2. The rocking phenomenon is such
that the centre of rotation changes during time, passing from A to A′ and from M to
M ′ depending on q1 and q2 values.
Only the case of free vertical displacements is considered. Nevertheless, in real cases
high stressed zones may occur during motion (Fig. 5.50), for the presence of rigid slabs
at the top. In this situation, the degradation effects should be considered. For exam-
ple, additional damping could be included in the formulation, or additional restoring
moments from a specific threshold displacement.
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5.6.2 Equations of motion of the two DOF system
The masses of the blocks m1 and m2 (Fig. 5.49) are subjected to horizontal and verti-
cal displacements and characterized by a rotational inertia. Thus, each body defined in
(Fig. 5.49) as 1 and 2 has 3 degrees of freedom.
The expression of displacements is needed to apply the Euler-Lagrange equation to ob-
tain the equations of motion. The reader is referred to Appendix B for all the passages
that bring to these equations, which take the form:

I01q¨1 + sgn(q1)W1R1sin(A1)− l sgn(q1)W2R1xsin(A1x)+
+W1R1
a
g
cos(A1) +W2R1x
a
g
cos(A1x)+
+sgn(q1)(KB +KM) 4 R
2
1x cos(A1x)[sin(A1x)− sin(A1)]+
+sgn(q2)KB 4 R1xR2xcos(A1x)[sin(A2x)− sin(A2)] = 0
I02q¨2 + sgn(q2)W2R2sin(A2) +W2R2
a
g
cos(A2)+
+sgn(q2)KB 4 R
2
2x cos(A2x)[sin(A2x)− sin(A2)]+
+sgn(q1)KB 4 R1xR2xcos(A2x)[sin(A1x)− sin(A1)] = 0
(5.20)
where:

A1 = α1 − sgn(q1) q1
A1x = α1x − sgn(q1) q1
A2 = α2 − sgn(q2) q2
A2x = α2x − sgn(q2) q2
(5.21)
The cases 1-3 and 2-4 are complementary. Indeed, for each case the equations are the
same and the solutions depend on the sign of q1 and q2. The difference between the
cases 1-3 and 2-4 is basically the radius vector of each considered point with respect
to the hinge A (or A’) and to the intermediate hinge M. Thus, the subscript x describes
the difference in radius vector. It holds:

R1x = 2R1
α1x = α1
R2x = 2R2
α2x = α2
(5.22)
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if the system is in the cases 1-3, while:
R1x = H1
α1x = 0
R2x = H2
α2x = 0
(5.23)
if the system is in the cases 2-4. The passage from cases 1-3 to cases 2-4 occurs by
means of an events identifications subroutine.
For what concerns the energy dissipation, the restitution coefficient is applied to the
velocities of both bodies when there is a passage from one case to the other. Naturally
this is only an assumption and define how the restitution coefficient could change its
expression when two rocking bodies are involved is a complex topic, which is not a
subject of the present thesis.
5.6.3 Response of 2DOF systems and comparisons with SDOF block
IfKB →∞ andKM = 0, the system is simplified in a SDOF one (Fig. 5.49). Compar-
isons are made between results provided by two Matlab codes, one written for the two
degrees of freedom system (herein 2DOF), and one for the equivalent single degree of
freedom system (SDOF). In addition, outcomes are compared with the response of the
Housner block (with K = 0), called HOUS.
The following assumptions are made for 2DOF (Fig. 5.49):
• homogeneous parallelepiped block;
• R1 = R2 = 1.84m, α1 = α2 = 0.26 rad (7.5◦), p =
√
(3g)/(4R) = 2 rad/sec,
Tr = 3.14 sec;
• KM = 0, KB = 1E5 N/m;
• e1 = 0.9 (1− 1.5 sin2α1), e2 = 0.9 (1− 1.5 sin2α2).
For the SDOF (without any spring) a specific code was written with the following
assumptions:
• homogeneous parallelepiped block;
• R = 1.84 m, α = 0.26 rad (7.5◦), p = 2 rad/sec, Tr = 3.14 sec;
• e = 0.9 (1− 1.5 sin2α).
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R1=1.84 m; α=0.26 rad, cos pulse amplitude 0.315g
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Figure 5.51: Response of the blocks to the cosine pulse excitation of amplitude ap = 0.315g
and duration T = 2 sec
The same geometric and dissipation features are considered for HOUS. The three cases
were subjected to a cosine pulse with amplitude ap 0.315g (Fig. 5.3) and to a free
vibration problem with initial condition q1 = q2 = 0.08 rad.
The response to the cosine pulse excitation is reported in Fig. 5.51. The maximum
displacement is similar for 2DOF and SDOF (about 4 cm, Fig. 5.51a), even if the
response is not perfectly the same. This is due to the different dissipation and stiffness
characteristics: especially the restitution coefficient, if used for both the lower and the
higher block of 2DOF, plays a relevant role. Fig. 5.51b shows the comparison between
HOUS and SDOF: for this particular excitation, the flexural bending mechanism with
middle hinge (SDOF) is safer than the free Housner block (HOUS).
The free vibration response, with initial condition q = 0.08 rad, is reported in
Fig. 5.52. In this case, we have also a difference given by the restitution coefficient,
but the maximum displacement is about the same (Fig. 5.51a). Instead, the rocking
response of SDOF and HOUS are the same (Fig. 5.51b).
5.6.4 Transverse response of a basilica church
From the observation of past earthquakes damages, among the others, collapses or
cracking of lateral and central naves vaults often occur. They are due to the transverse
response of the church, that is in the direction of the minimum building resistance. The
presence of deformable roofs as vaults worsens this response.
The collapse mechanism of Fig. 5.53 is likely to happen when columns can be consid-
ered hinged at the extremities and are subjected to rocking.
Similarly to Fig. 5.49, the forces and stiffnesses in the system are (Fig. 5.54):
• WB and HB: respectively vertical load and horizontal thrust of the possible cen-
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tral nave vault;
• WL: vertical load of the roof, at a distance l from B;
• Ht: axial force in the possible tie, distant ht from B, with its corresponding
stiffness Kt;
• KM and KB: horizontal stiffness of lateral and central vault respectively;
• WM andHM : vertical load and horizontal thrust of the possible lateral nave arch;
• W2 and H2: vertical load and horizontal inertia action of the wall/arcade over
the column;
• W1 and H1: vertical load and horizontal inertia action of the column subjected
to rocking;
Three additional masses mM , ml, mB represent the lateral nave arch, the timber roof
and the central nave vault respectively.
5.6.4.1 Analysis of the transverse response of the St. Frediano church A pro-
posal to model the transverse response of the St. Frediano church, already analyzed
in § 3.6, is reported. The part of the church between the façade and the triumphal
arch is considered (Fig. 5.56), with the hypothesis of a transverse response that in-
volves the columns, the upper walls and the vaults (barrel for the central nave, dome
for the lateral one). The plastic hinge (the point M in Fig. 5.49) is naturally formed at
the interface between the column capital and the upper wall. One span is considered,
therefore all weights are divided by the number of spans equal to 8. The lower block
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Figure 5.52: Free vibration problem with q = 0.08 rad
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Figure 5.53: 3D Collapse mechanism for the transverse response of a nave church
Figure 5.54: Transverse response of a church
is represented by the granite column with diameter 60 cm and height 4.9 m. The up-
per block is the stone wall over the column, 37 cm-thick. No other masses are taken
into account (namely,mM ,ml,mB) to simplify the problem. Besides, these masses are
small in comparisons tom1 andm2. The blocks are assumed to rotate around the exter-
nal corner (infinite compressive masonry strength). Nevertheless, a finite compressive
strength could be simply included in the formulation by reducing the radii vectors over
motion. The system was subjected to Mirandola (MRN) record (Tables 5.1, 5.2).
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Figure 5.55: Possible configurations of the dynamic system representative of the transverse
church response
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Figure 5.56: St. Frediano church: part involved in the transverse mechanism
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Figure 5.57: St. Frediano church: transverse response to MRN record for different boundary
conditions: zero stiffness in B and M (a), KM = KB = 1E5 N/m (b), KM = KB =
1E5 N/m and condition dmax = 1 cm on uM and uB (c), linear stiffness of the vaults evalu-
ated with the VET method (§ 3) and condition dmax = 1 cm on uM and uB (d)
The rocking analysis results are illustrated in Fig. 5.57. The value of the maximum
amplitude in M or B is obviously determined by the values of KM and KB. Thus,
increasing both of them from zero (a) to 1E5 N/m (b), the maximum displacement
decreases by about 65% (from about 1500 to 500 mm). Yet, it is not realistic that
the vault stiffness can keep this value over time since, as it was seen in § 3.3.4, the
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stiffness markedly drops to zero even for the order of the millimiter. Thus, to consider
a limit value for which the stiffness vanishes looks reasonable. For instance, the
response with the imposed condition dmax = 1 cm is depicted in Fig. 5.57 (c). The
system overturns due to the fact that, when dmax has been reached for horizontal
displacement uM or uB, the absence of boundary conditions causes the blocks to
collapse. If the stiffness is increased to values of orders of magnitude 6 (d) the
maximum displacements drop to a few millimetres. In this case, this is due to the
value of KM and KB since, with the removal of the condition on dmax, the response is
basically the same. This means that the condition on dmax has not been reached.
Nevertheless, the vault stiffness has been evaluated in a simplified way. More-
over, the global bending effect of the central vault was neglected. Consequently, one
should anyway pay attention to the case of Fig. 5.57 (d), apparently safe.
A more realistic constitutive law for the vaults, for instance a bi- or tri-linear
should be implemented. In addition, further numerical and experimental tests have to
be performed to validate the code. In particular, the role of the restitution coefficient
applied to the upper, the lower or both blocks should be more in depth analyzed and
discussed, together with the effect of geometric features (blocks of the same size or
different) to find out possible scale effects. Finally, the destructiveness of a specific
earthquake could be analyzed for the 2DOF system, considering the role of PGA,
PGV or other characteristics of the acceleration time-histories.
In addition, as in the SDOF case, rocking spectra could be drawn to evaluate safe
domains for specific acceleration time-histories, to avoid the collapse of the vaults for
transverse displacements over limits.
5.7 Summary and conclusions
In this chapter, two Matlab codes were purposely developed to analyze the motion
of rigid blocks subjected to external excitations. To take into account the presence
of different boundary conditions, represented by a spring with a specific stiffness K
at the top (or at a different position), the general equation of motion was modified
including a term depending on K.
A first code was proposed to investigate the response of the Housner block with
different values of K at the top. The analysis was performed for two façades and one
altar of two masonry churches. The response was different considering K if the real
masses or the simplification of the parallelepiped homogeneous blocks were assumed.
Moreover the response, calculated for pulses and natural accelerograms, depended
upon the restitution coefficient in which the dissipation properties are included, and
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obviously upon the record.
The accelerograms that the churches experienced were used. In particular, the case
of the altar, which probably tilted around a horizontal hinge formed at its base, was
shown to be interesting since in the rocking analysis it survived the excitations - as
actually did - while with the code approach the block would attain the ultimate limit
state. The analysis performed for the façades considered the presence of transverse
walls as one-sided restraints [182, 191]. By adopting a finite K value, which recreates
for instance a vault or a tie-rod, the method deals with one-side restraints in a more
realistic way. The maximum values of amplitude ratio are similar if an additional
damping is assumed and a vault is considered as one-side restraint.
A parametric analysis was carried out for different geometric dimensions of the
blocks: the analysis highlighted that the current code approach, which considers
response spectra, is too much conservative for rocking bodies, in particular for slender
blocks. This aspect is could be potentially inappropriate for historic churches, as
their rehabilitation is expensive and invasive in case of overestimated strengthening
techniques. By contrast, rocking spectra should be provided as more reliable tool
to state the seismic vulnerability of these elements. Several rocking spectra were
reported to understand the effect of the stiffness K for parallelepiped homogeneous
blocks and for masonry walls with specific dimensions. Indeed, rocking spectra allow
identifying safe domains, since for rocking period lower than a limit value - if it exists
- the rotation angle tends to infinite, meaning the collapse of the element. Naturally,
a proper set of accelerograms should be considered to make the evaluation reliable,
possibly with different PGA, frequency contents or other characteristics such power
spectrum density.
The effect of different restitution coefficients e was studied, showing that the response
is very sensitive to it, even for differences of 10% of e. It was seen that not always an
adoption of a lower restitution coefficient, namely a larger energy dissipation, causes
a safer condition. Generally a lower restitution coefficient decreases the maximum
amplitude ratio, but it can happen, as occurred for the MRN record, that the change
in the response is not significant and a larger reduction of e is required to obtain an
improvement.
In addition, another code was written for a two degrees of freedom system, to
evaluate the effect of vaults in lateral naves, whose stiffness can be defined with the
method presented in § 3. The two equations of motion have been proposed to take into
account different boundary conditions at the intermediate hinge and at the highest one.
The case of the St. Frediano church was illustrated, to describe the transverse building
response, accounting for the real involved masses. Results showed that assuming
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the calculated stiffness for vaults can provide reliable results only if this stiffness is
kept constant during motion, but in § 3 it was seen that this value rapidly drops to
zero if small relative supports displacements are attained. Thus, it was necessary to
include a condition for which, for a fixed maximum displacement of the point M or
the point B, the stiffness vanishes. Nevertheless, the vault stiffness has been evaluated
in a simplified way and the global bending effect of the central vault was neglected.
Consequently, one should anyway pay attention to apparently safe responses.
To summarize the main points of the chapter, the following comments can be
made:
1. slender macro-elements in churches (like façades or longitudinal walls con-
nected to vaults) or assets (such as altars or other non-structural elements) can
be studied with rocking analysis.
2. Their seismic vulnerability assessment can be optimized with rocking analysis,
rather than kinematic approach described in the Italian code.
3. If boundary conditions (vaults or tie-rods) are applied in dynamic analysis, their
condition is generally safer, unless the motion is one-sided.
4. Rocking spectra are useful to assess the positive effect of strengthening mea-
sures.
For both approaches, SDOF and 2DOF systems, a more realistic constitutive law for
the vaults, for instance a bi- or tri-linear should be implemented. In addition, further
numerical and experimental tests have to be performed to validate the code. In partic-
ular, the role of the restitution coefficient applied to the upper, the lower or both blocks
should be more in depth analyzed and discussed, together with the effect of geometric
features (blocks of the same size or different) to find out possible scale effects. Finally,
the destructiveness of a specific earthquake could be analyzed for the 2DOF system,
considering the role of PGA, PGV or other characteristics of the acceleration time-
histories. In addition, as in the SDOF case, rocking spectra could be drawn to evaluate
safe domains for specific acceleration time-histories, in order to avoid the collapse of
the vaults for transverse displacements over limits.
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6 Seismic vulnerability: hierarchy of dissipated energy
6.1 Aim and motivation
The need of preserving historic churches and the artistic assets contained in them
encourages the development of reliable numerical methods to assess their seismic
behavior.
In the common professional practice, masonry structures are evaluated with global and
local approaches that basically remain separate. Recently, a new trend that considers
global analysis connected to localized approaches emerged. It consists in interpreting
results from modal analysis to get information about dynamic behavior, in order to use
it for performing kinematic analysis in the most vulnerable macro-elements [60, 67].
In this chapter, an innovative approach is presented to obtain a similar aim, but
accounting for the masonry nonlinear behavior, neglected in modal analysis. A proce-
dure to identify the most damageable macro-elements is defined by considering the
failure modes and the energy dissipation density. The latter parameter is provided by
applying on finite element models either natural or spectrum-compatible acceleration
time-histories and by setting a proper non-linear damaged behavior.
The fact that an element dissipates energy does not mean that is more vulnerable from
the seismic point of view. In effect, it is beneficial if a massive wall undergoes large
dissipation energy by exhibiting in-plane behavior. In fact, it is preferable that resistant
and massive walls absorb energy furnished by earthquake, rather than thin vaults or
structurally weak parts of the church. Qualitatively speaking, high energy dissipation
density and low seismic resistance (e.g. the case of a vault) can be considered a
vulnerable situation; by contrast, high resistant elements (e.g. a thick external wall)
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subjected to high dissipation with in-plane response, may be estimated a desirable
seismic condition.
The presented method allows identifying a priority of interventions for the macro-
elements that require more attention, in terms of seismic vulnerability. After the
application of strengthening devices, designers can apply the same method to evaluate
how the damage pattern changed and which is the new distribution of dissipated
energy in macro-elements.
The procedure is based on evaluating first the damage pattern obtained by non-
linear dynamic analysis, classifying each macro-element as subjected to in-plane or
out-of-plane failure modes. Within the in-plane or out-of-plane behaviors, possibly
the failure type should be identified (frictional, tensile, etc.). A first assessment of
seismic vulnerability can be given depending on the intrinsic vulnerable nature of
these macro-elements. Afterwards, the dissipated energy density (DED) is calculated
((§ 6.3)) for each element: consequently, a hierarchy of dissipated energy concept
emerges to give a scale of vulnerability of the parts that compose the church. By
modifying masonry mechanical or geometric target properties, the failure modes and
the amount of energy dissipation density of each element are varied and calibrated
to achieve the desired hierarchy of dissipated energy. In other words, the structural
designer can state the effectiveness of retrofitting interventions by checking the
reduction and possibly the migration of energy dissipation density to more resistant
structural elements, together with a preferable damage pattern.
The strategy is applied to two cases study of churches hit by the Emilia Ro-
magna earthquake (Italy, 2012): a single nave (described in § 3.5.1) and a basilica
three-nave (§ 3.6) churches, typical configurations of Italian churches.
6.2 Methodology
The proposed method is based on the definition of a hierarchy of dissipated energy
for macro-elements that compose churches. Together with the dissipated energy, a
fundamental parameter is the damage pattern, which provides information about the
nature of the considered failure mode, either out-of-plane or in-plane. The procedure is
illustrated in the flow chart of Fig. 6.1, for which three main steps can be distinguished.
First, macro-elements that compose the church (vaults, bell-tower, façade, colonnades,
apse, transepts, etc.) have to be identified according to the traditionally accepted
practice for these buildings [51, 106, 199].
Secondly, transient analyses are performed with proper seismic records and non-linear
material for masonry. The resulting damage pattern is investigated by means of the
plastic strain vectors distribution, which gives the cracks position. The direction
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Figure 6.1: Flow chart for the energy dissipation method
of plastic strain vectors defines whether the considered failure mode is in-plane or
out-of-plane. As reported in the flow chart, out-of-plane mechanisms can be classified
as undesirable, thus the corresponding macro-element may be considered vulnerable.
Possibly, this step related to out-of-plane mechanisms could give information on the
dynamic behavior of the church, to support designers in better addressing kinematic
analyses. However, this information could be also provided by a simpler modal
analysis [40, 67].
On the other hand, if the response is in-plane, further data processing is needed.
Intrinsically vulnerable structural elements (as thin vaults) are separately considered
from the non-vulnerable ones (as external walls, generally thick). At this stage, the
dissipated energy comes into play. If vaults are subjected to high dissipated energy,
this can result in a too high demand for these elements, which can therefore be defined
vulnerable. By contrast, if their dissipated energy is not relevant in comparison
with the total average one, they might be classified as non-vulnerable. Intrinsically
non-vulnerable elements, as external thick walls, are satisfying whether subjected to
high values of dissipated energy. Indeed, provided that the earthquake energy content
is the same for a given ground motion, to have the dissipation concentrated on in-plane
response of thick walls is preferable, rather than on out-of-plane or in-plane response
of intrinsically vulnerable elements.
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Failure modes for arches are not classified neither in-plane nor out-of-plane, but if
high dissipated energy density values are obtained they can be considered vulnerable
in favor of safety.
In this framework, frictional failure generally dissipates to a larger extent than
brittle failure, thus a scale of vulnerability could be defined for out-of-plane or
in-plane mechanisms depending on the failure. For instance, one of the most likely
out-of-plane modes in churches, the façade overturning, may be related to a diagonal
crack failure in the transverse walls or to a vertical detachment with friction on the
horizontal masonry joints at the connection between façade and transverse walls [31].
Nevertheless, it is not easy to judge which failure occurred and the amount of masonry
volume to consider for the calculation of dissipated energy density (DED).
Once that vulnerable and non-vulnerable elements are recognized in a qualitative way,
a quantitative approach consists in evaluating the amount of dissipated energy density
for each macro-element. Consequently, a scale of vulnerability emerges, supported
both by the damage pattern and by the dissipated energy densities values.
A further step could be to state the priority of intervention for the most vulnerable
elements. Indeed, strengthening techniques may be adopted to change the distribution
of DED in the macro-elements, providing a better distribution of it. The aim would be
to reduce and possibly to transfer energy from less to more resistant elements, as thick
walls.
The effectiveness of strengthening devices can be therefore quantitatively evaluated.
This might be done with a rehabilitation strategy (Fig. 6.2) consisting in modifying
target properties, as thickness, tensile strengths, fracture energy, etc. to transfer
dissipated energy to more resistant elements. Once that one or more target properties
are identified with an iterative procedure, giving a better DED distribution and damage
pattern, the strengthening techniques that guarantee those specific targets have to be
designed.
The purpose can be accomplished varying the overall seismic response, e.g. with
tie-rods to reduce the relevance of out-of-plane mechanisms, or intervening on the
material, e.g. adopting FRP on vaults or other vulnerable elements to increase the
tensile masonry strength.
The proposed numerical strategy is applied to two cases study of churches struck by
the Emilia Romagna earthquake (Italy, 2012). A correspondence between the really
occurred damages and those predicted by the method is investigated.
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Figure 6.2: Rehabilitation and design strategy
6.3 DED (dissipated energy density) calculation
In the presented method, the seismic vulnerability is assessed by checking the damage
pattern and the evolution of dissipated energy density (DED) for each macro-element.
DED is automatically computed by the program. The total strain energy calculated
by the program is composed by recoverable strain energy, energy dissipated by
plastic deformation and energy dissipated by damage. The latter has been chosen as
parameter related to the damage, and is dependent on the damage variables (§ 6.5).
The evolution over time of energy dissipated by damage is considered for each
macro-element. These values are then divided by the corresponding - constant -
masonry volume involved in the dissipation, namely the associated macro-element
volume. Results are expressed in [N/mm/m3], since they are referred to the energy
per unit of fractured surface ([N mm/mm2]) and then divided by the volume of the
considered macro-element ([m3]).
Using this approach, only a partial information on the dynamic response of the church
is obtained. The fundamental information is indeed provided throughout plastic strains
in terms of vectors, orthogonal to the cracks direction.
Masonry is modelled with 3D finite element continuum models with homogenized
properties. A plastic-damage model is adopted and in-depth discussed in § 6.5. All
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calculations are performed with the program Abaqus CAE 6.12 [121], where the
plastic-damage model is implemented. Implicit procedure is used with the iterative
Newton-Raphson method.
6.4 Short overview of plasticity theory and fracture mechanics
The usual procedure for describing problems in which tension has a significant role,
in case of masonry or concrete, is to apply plasticity theory in the compression zone,
and analyze the tensile phase by one of the versions of fracture mechanics, such as
[200]: linear elastic fracture mechanics, smeared-crack models, the fictitious-crack
model [201] and crack band theory. Unfortunately, these models present difficulties
of defining stress paths following opening and closing of cracks in presence of cyclic
loading conditions.
The failure of masonry, or other similar materials, is not always represented by per-
manent (plastic) deformation; for low intensity loading, the non-linear behavior arises
with a stiffness degradation. These materials may be considered as cohesive soils or
frictional materials with cohesion: the possible loss of strength corresponds then to the
vanishing of cohesion [200]. The main features that characterize any model based on
classical plasticity theory are:
• the yield criterion which bounds the elastic domain: Mohr-Coulomb and
Drucker-Prager have generally the form F (σ) = c, where F (σ) is a function
of stress components and c is related to the cohesion;
• a flow rule, which describes the inelastic deformation once the material point is
out of the elastic domain;
• a hardening rule, intended as both hardening and softening. It defines the way in
which the yield criterion and the flow rule change when the inelastic deformation
takes place. The flow rule is to be identified with evolution equations of the
internal variables contained in the yield criterion.
The flow rule is expressed as follows:
˙p =
∑
λ˙i
∂gi
∂σ
(6.1)
where λ˙i is a positive plastic multiplier, equal to zero when plastic deformations occur,
gi is a plastic potential function, described as a function of the stress tensor σ and a
hardening parameter κ. The flow rule can be either associative or non-associative: in
the first case the plastic flow develops in the direction of the normal of the yield surface
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F . In the second case, that direction is defined as ∂gi
∂σ
with ∂gi not proportional to ∂F .
For brittle materials as masonry, a non-associative flow rule should be defined.
Figure 6.3: Associative flow rule (top) with µ = tan φ = tan Ψ and non associative flow rule
(below) with null dilatancy (tan Ψ=0). The relationship between normal (N) and shear (V)
forces expresses the yield criterion. The displacements are the normal (δn) and the tangent
(δs) ones (Roca, 2010 [41])
Fig. 6.3 illustrates what it is intended for associative and non-associative flow rule in
the case that a simple frictional Coulomb law is adopted. Suppose that tan Ψ is the
ratio between normal and tangent deformation, thus the normality condition or asso-
ciative flow rule leads to a fixed dilatancy where Ψ is necessarily equal to φ. Never-
theless, generally the dilatancy of masonry is variable and almost null in most of cases
[41]. For more detailed information about the plasticity theory the reader is referred to
(Lubliner, 2005 [202]).
6.5 Constitutive relations for the evolution of damage
The heterogeneous nature of masonry makes it complex to model its nonlinear behav-
ior in continuum mechanics. For that reason, in the past sophisticated approaches were
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performed, considering interactions between blocks/bricks and mortar joints.
Those methods regard the micro-modelling philosophy and could give more reliable
results if all the mechanical properties of constituent materials are properly defined.
Nevertheless, that procedure requires a large computational effort even for small struc-
tures, and it is not simple to define constitutive laws for blocks and mortar, which may
change point by point. Consequently, the proposed method is based on the homoge-
nization of masonry, taking into account its strong nonlinear behavior in tension and
compression.
Figure 6.4: Adopted nonlinear constitutive law for masonry
The model, in general suitable for describing the behavior of frictional materials, is
the plastic-damage concrete model proposed by Lubliner et al. [200]. Initially born to
describe the behavior of concrete [200, 203], it was later adapted to traditional masonry
[204, 205] and to adobe buildings subjected to nonlinear dynamic analysis [206].
The plastic-damage model is a form of classical plasticity theory in which the usual
“hardening” variable is replaced by a plastic damage variable κ (in the calculations
named d) [200]. As the hardening variable, κ never decreases and increases if and
only if plastic deformations take place. A limit value of κ represents total damage,
which may be interpreted as formation of macroscopic cracks. For frictional materials,
total damage is assumed to correspond to the vanishing of the cohesion.
The Concrete Damaged Plasticity model (CDP), implemented in Abaqus CAE 6.12
[121], assumes that the material fails due to two main failure mechanisms: tensile
cracking and compressive crushing. Under uniaxial tension, the stress-strain response
follows a linear elastic relationship until the yield stress value is reached. At that point,
micro cracking formation is assumed to begin. Beyond the failure stress, the formation
of micro-cracks is represented macroscopically with a softening stress-strain response,
which induces strain localization in the structure.
Under uniaxial compression, the response is linear until the initial value of yield stress
is reached. In the plastic regime, the response is typically characterized by stress
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Figure 6.5: Uniaxial curves (σ-p): (a) tension; (b) compression [200]
hardening followed by strain softening.
The post-peak tensile response is represented by the fracture energy defined by Hille-
borg et al. [201]. Indeed, as pointed out by Lubliner et al. [200], the strain-softening
branch of the stress strain curves of concrete and rock cannot properly represent a lo-
cal physical property. By assuming that the areas under the uniaxial curves (σ-p),
reported in Fig. 6.5, are equal to gt and gc, then it holds for the tensile state:
κ =
1
gt
∫ p
0
σdp (6.2)
and for the compressive one:
κ =
1
gc
∫ p
0
σdp (6.3)
Thus, the energy required to open a unit area of crack, Gf , has to be defined in the con-
text of brittle failure. In case of masonry, it is challenging to properly define the soft-
ening behavior both in compressive and tensile behavior. Van der Pluijm [207] found
values of the fracture energy Gf ranging from 0.06 to 0.13 Nmm/mm2 for tensile
strength varying between 1.5 ⇀ 3.5 MPa [27]. Damage evolution is represented by
scalar isotropic damaged elasticity which describes the irreversible damaged occurring
under cyclic loading. The stiffness degradation is described through two parameters,
dc and dt, which reduce the initial elastic modulus respectively in compression and in
tension (Fig. 6.4). They are functions of plastic strains: zero means undamaged mate-
rial, one indicates the total loss of strength (crushing failure for compression, cracking
for tension). The cyclic behavior is also defined by two additional scalar values, wc
and wt, ranging from 0 to 1 as dc and dt. That values specify the stiffness recovery
effects (Fig. 6.6 ).
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Figure 6.6: Cyclic behavior and stiffness recovery effects
Since the yield functions relates to a flow potential based on the Drucker-Prager hy-
perbolic function (Fig. 6.7), the following features are required to be set: the dilation
angle Ψ, the flow potential eccentricity, the ratio of initial equi-biaxial compressive
yield stress to initial uniaxial compressive yield stress σb0/σc0 and the ratio of the sec-
ond stress invariant on the tensile meridian to that on the compressive meridian Kc.
Figure 6.7: Yield Surface of plastic-damage model for the plane stress space [204]
One of the main disadvantages of the method applied to masonry is the assumption
concerning the isotropy of masonry, even though some attempts were made to consider
its orthotropy. The direction of cracking is assumed to be orthogonal to that of the
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maximum principal plastic strain at the damaged point; Lubliner et al. [200] furnished
the expression of plastic strain vector used as a measure of the opening sliding of
cracks, which will be used for interpreting results.
In the next paragraphs two cases of typical churches, a single-nave one and a basilica
one, will be illustrated to apply the proposed method.
6.6 Acceleration time-histories
The two case studies are located in the area hit by the Emilia earthquake of May 2012,
particularly near Reggiolo, a small village close to the epicenter of the two main shocks
(May, 20th and 29th, Fig. 6.8). The natural acceleration time-histories registered in
three stations, Mirandola (MRN, Fig. 6.9), Moglia (MOG0, Fig. 6.10) and Novellara
(NVL, Fig. 6.11) are considered, referring to the May, 29th shock, which caused rele-
vant damages in the two churches [195].
Since no sufficient information was available on the soil characteristics, the natural
seismic records have not been elaborated and used as they are, because Reggiolo is
located between the considered stations. Nearby the village, many other historic ma-
sonry buildings were severely struck by that earthquake [23, 208].
32 km
Reggiolo
NVL
MRN
MOG0
Epicenter May, 29th UTC 07:00
Epicenter May, 29th UTC 10:55 RAN stations
Figure 6.8: Distances in km from Reggiolo to accelerometric stations
It is worthy to notice the relevant vertical component of the strongest acceleration time-
history, MRN, with a peak of about 0.8g at 3.93 sec. The peak of the MOG0 is instead
for the component West-East with a value of 0.23g at 10.9 sec. PGA are about 0.2g for
MRN and MOG0, and 0.05g for NVL (West-East direction).
All the acceleration time-histories are simultaneously applied to the models to simulate
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Figure 6.9: Acceleration time history in Mirandola (epicenter) - cm/s2
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Figure 6.10: Acceleration time history in Moglia (MOG0) - cm/s2
the real earthquake, taking into account the actual position of the church in terms of
the angle between East-West and longitudinal axis of the church. Timber roofs and
non-structural vaults and infill, if present, are modelled just as equivalent masses.
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Figure 6.11: Acceleration time history in Novellara (NVL) - cm/s2
6.7 Application to a single-nave church: St. Venerio church
The St. Venerio church is the first case study chosen to illustrate the application of the
Density Energy Dissipation method described in § 6.2. The architectural features of
the church have been presented in § 3.5.1.
Figure 6.12: (a) St. Venerio church before the earthquake and (b) south-western façade after
the earthquake
6.7 Application to a single-nave church: St. Venerio church 177
Figure 6.13: Main vault collapsed
6.7.1 Surveyed damages
The major earthquake of May, 29th 2012 caused severe damages to large parts of
the building. The collapse of the central dome vault (Fig. 6.13) was probably caused
by its low - 6 cm, in folio type - and by the strong vertical acceleration component
which characterized the seismic shock. The façade was subjected to two types of
failures: an in-plane shear mechanism, which caused the typical X-shaped cracks at
the spandrel above and below the small opening, together with an incipient overturning
of the upper part of the façade (Fig. 6.14 (c)), probably due to ineffective connections
with longitudinal walls.
The apse suffered a severe overturning mechanism with the partial collapse of the vault
wedge, 6 cm thick. The dynamic activation of the apse is due to previous damages,
since a restored crack is still visible in the central part of the apse wall (Fig. 6.15).
Damages at left and right walls (called respectively "‘left chapel"’ and "‘right chapel"’
in the following) are also widespread, especially at the upper corners of the right wall
and in the internal keystone of the adjacent arch (Fig. 6.16). Moreover, those mecha-
nisms could permit a cross-evaluation of experimented PGA [55].
6.7.2 Finite element model and material properties
The church has been analyzed with a finite element model with homogeneous material
formed by 18148 nodes, 5852 quadratic quadrilateral S8R and 165 triangular STRI65
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Figure 6.14: In-plane shear mechanism (a,b) and out-of-plane overturning mechanism (c) of
the main façade
10 Experimental Methods and Numerical Simulation in Engineering Sciences 
Linda Giresini| Wuppertal, Germany| 04/07.06.2014
St. Venerio chapel in Reggiolo (Emilia Romagna, Italy) – damages 
Overturning mechanism of the apse
Eastern façade 
Figure 6.15: Apse overturning mechanism
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Figure 6.16: In-plane and out-of-plane response of right (a) and left (b) façades
elements [121] (Fig. 6.17).
All elements have 9 integration points through the thickness, and since the mesh size
is about 30 cm, their characteristic length is 35.5 cm. The base nodes are fixed to the
ground at the translational DOFs, and a lower band, 30 cm high, is characterized by
a linear elastic material to avoid unreasonable stress concentration which could inval-
idate the damage evolution. After the step related to the self-weight, the three trans-
lational DOFs at the base were released to assign acceleration histories. The building
geometry is rotated about the vertical axis of 34 degrees clockwise, to correctly assume
the accelerations along West-East and North-South directions.
The vaults and arches infill was modelled only in terms of seismic mass; adopting a
specific weight equal to that of masonry and up to an inclination of 30 degrees with
respect to horizontal plane at imposts.
In Fig. 6.17 the position of the existing steel ties is depicted: the longitudinal ones are
asymmetric with a diameter of 10 mm, while the transverse ones, with a diameter of
20 mm, are concentrated in the apse zone. They are modeled in Abaqus as CONN3D2
elements.
The existing crack in the apse (Fig. 6.15) was inserted in the model as an initial crack
(Fig. 6.18). The calculation has been performed by means of the classical Rice J-
integral, from Fracture Mechanics. For more details about the method refer to [121].
The total mass of the model is 493.3 tons. The parameters of the Concrete Damaged
Plasticity model have been chosen as suggested values for masonry of the same typol-
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West façade – 70 cm 
Arches – 32 cm 
Arches and vault – 6 cm 
Walls – 30 cm 
Walls – 45 cm 
N° 5 longitudinal steel 
ties d=10 mm
N°5 transverse steel ties 
d=20 mm
a b c
Figure 6.17: Finite element model of St. Venerio church, vaults and walls thickness, longitu-
dinal steel ties in the left (a) and right (b) façades and transverse steel ties (c)
ogy (§ 6.5) and are reported in Fig. 6.19.
The initial elastic modulus E0 and the compressive strength σcu are obtained from the
Italian code for existing masonry (mortar and clay brick). The Young modulus and
the Poisson coefficient are respectively equal to 2000 MPa and 0.20 [3]. The tensile
strength has been supposed from the outcomes of experimental tests performed by
Schubert [209] who obtained a ratio between the tensile and compressive strength
ranging from 0.03− 0.1. The fracture energy value was taken from the Van der Plujim
results [207] already mentioned in § 6.5. Assuming the value of tensile strength, the
fracture energy value is obtained with a linear extrapolation of the reported values,
even though the tensile strength here assumed is considerably lower than the minimum
obtained by Van der Plujim (1.5 MPa). The dilatancy angle has been taken equal to 20
degrees resulting in tan(20) = 0.325, considering values suggested by Lourenço [27].
Maximum values of the damage properties, in particular for the tensile side, have been
chosen in such a way to avoid convergence issues. For that reason, the maximum dt
has been assumed equal to 0.82. All the remaining parameters of Fig. 6.19 have been
posed as default or suggested values for brittle materials [121]. For parametric anal-
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Crack tip
Contour around the crack tip
Unit vector in the virtual crack extension
Initial crack
54
0 
cm
Left chapel w.
Right chapel w.
Side left arch
Side right arch
Façade arch
Central vault
ApseFaçade
Long. walls t= 45 cmTympanum
(a) (b)
Figure 6.18: Macro-elements/components definition (b) and initial crack in the apse (existing
damage, a)
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assign acceleration histories. The building geometry is rotated about the vertical axis of 34° 
clockwise, to correctly assume the accelerations along West-East and North-South directions. 
Table 1: Mechanical properties for CDP based material, St.Venerio church (see §3 for symbols). 
 
E0 (MPa) 
σcu 
(MPa) 
σt0 
(MPa) 
Compressive 
damage 
Tensile damage 
 
2000 4 0.10 dc εcin dt εtck 
Fracture energy=0.01 N/mm 0 0 0 0 
ψ 
(°) 
Eccentricity σb0/σc0 Kc 0.231 0.001 0.82 7.50E-4 
20 0.1 1.16 0.667 0.429 0.005 wc wt 
    
0.950 0.09 1 0 
 
In Fig. 9 the positions of the existing steel ties are depicted: the longitudinal ones are 
asymmetric with a diameter of 10 mm, while the transverse ones, with a diameter of 20 mm, 
are concentrated in the apse zone. They are modeled in Abaqus as CONN3D2 elements. The 
existing crack in the apse (Fig. 7) was inserted in the model as an initial crack (Fig. 10). The 
calculation has been performed by means of the classical Rice J-integral, from Fracture 
Mechanics. For more details about the method refer to [29]. The total mass of the model is 
493.3 tons. The parameters of the Concrete Damaged Plasticity model have been chosen as 
suggested values for masonry of the same typology and are reported in Table 1. More in 
detail, the initial elastic modulus E0 and the compressive strength σcu are obtained from the 
Italian regulations for existing masonry (mortar and clay brick). The Young modulus is equal 
to 2000 MPa and the Poisson coefficient 0.20 [37]. The tensile strength has been supposed 
with the outcomes of experimental tests performed by Schubert [38] who obtained a ratio 
between the tensile and compressive strength ranging from 0.03-0.1. The fracture energy 
value istaken from the Van der Plujim results [35] already mentioned in §3. Fixing the value 
of tensile strength, the fracture energy value is obtained with a linear extrapolation of the 
reported values, even though the tensile strength hereby conserved is considerably lower than 
the minimum obtained by Van der Plujim (1.5 MPa). The dilatancy angle has been taken 
equal to 20° resulting in tan20°=0.325, considering values suggested by Lourenco [39]. 
Maximum values of the damage properties, in particular for the tensile side, have been chosen 
in such a way to avoid convergence issues. For that reason the maximum dt has been assumed 
equal to 0.82. All the remaining parameters of Table 1 have been posed as default or 
suggested values for brittle materials [29]. For parametric analysis the mechanical properties 
change accordingly to the above-mentioned considerations, and in some case they are slightly 
increased in order to achieve convergence. 
However, it has to be pointed out that the interest is not strongly focused on precise values 
of mechanical properties, since the behavior to grasp is macroscopic, in terms of dissipated 
energy for each element and especially in comparative sense.  
Figure 6.19: Mechanical properties of the CDP based material, St.Venerio church (see § 6.5
for symbols)
ysis(§ 6.7.6) the mechanical properties change accordingly to the above-mentioned
considerations, and in some cases they are slightly increased in order to achieve
convergence.
However, it has to be pointed out that the interest is not strongly focused on
precise values of mechanical properties, since the behavior to grasp is macroscopic, in
terms of dissipated energy for each element and especially in comparative sense.
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6.7.3 Macro-elements identification
According to the traditional practice, macro-elements were identified in the St. Venerio
church and depicted in Fig. 6.18 (a): central vault, main façade, left and right chapels,
namely the longitudinal walls 30 cm thick, apse, side left and right arches, arch ad-
jacent to the façade, longitudinal walls 45 cm-thick and tympanum. The remaining
arches results were not considered since their contribution to the overall dissipated
energy was verified to be limited. For the same reason, the apse constituted by the
vault and the semicircular wall was taken as single macro-element. The behavior of
the longitudinal 45 cm-thick walls is about the same for the left and right side, there-
fore results are provided for one side. Finally, the façade in Fig. 6.18 (a) includes the
tympanum volume, also considered as separated macro-element. Indeed, the tympa-
num, especially if not constrained, can be subjected to overturning about the horizontal
hinge at its base.
6.7.4 Failure modes analysis
A comparison was made in terms of damage pattern for the church under examination.
The failure modes are similar for the numerical model and the real church (Fig. 6.20).
The failure modes are compared to those generally proposed for churches [106]. The
plastic strain vectors distribution reproduces real damages allowing to distinguish out-
of-plane and in-plane mechanism, as requested in the second step of the procedure
(§ 6.2).
More in detail, the central vault is subjected to a shear in-plane mechanism that causes
its collapse; the plastic strain vectors demonstrate that the damage is concentrated in
the pendentives and in the adjacent arches, from which the vault detaches. However,
the collapse is not recognizable in the numerical model. In the real case the vault
probably collapsed for a brittle failure generated in the pendentives and in the arches
themselves, which originated the dome collapse. The so called right and left chapels
walls, are mainly subjected to out-of-plane mechanisms at the corner, where there is
a geometric masonry discontinuity (northern wall) and a detachment of the wall from
the adjacent arch. The apse is characterized by an overturning mechanism partially
due to the crack existing prior to earthquake. In-plane and out-of-plane mechanisms
are recognized for the main façade.
The external longitudinal walls, 45 cm-thick, do not present significant in-plane dam-
age, but only micro-cracks effectively reproduced by the high DED value. The hor-
izontal plastic strain vectors reported in Figs. 6.20, 6.20 for this macro-element are
due to the out-of-plane mechanism of the 30 cm-thick intersecting walls. Finally, the
analysis does not suggest any overturning mechanism of the tympanum, as actually
occurred.
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6.7.5 Energy dissipation and vulnerability assessment
Out-of-plane mechanisms have been identified for the church in the left and right
chapels, in the apse and in the façade. Thus, these elements are considered vulnerable
as understandable from the crack pattern (identified by plastic strain energy vectors).
Analysts could possibly perform non-linear kinematic analyses as suggested by the
Italian code [3] to have an evaluation of their seismic vulnerability. The dissipated
energy density was calculated over time. A typical result is reported in Fig. 6.21 and
the maximum values are shown in Table 6.1. For the above mentioned macro-elements
subjected to out-of-plane mechanisms, those with higher DED are the left and right
chapel walls, followed by the arch adjacent to the façade (here considered in the cate-
gory of out-of-plane), the apse and the façade.
Table 6.1: Out-of-plane mechanisms and corresponding dissipated energy densities
Macro-element DED (N/mm/m3) hierarchy
Ext.walls t=30 cm (left-right chapels) 15
Arch adjacent to façade 2
Façade 1.6
Apse 1.5
For what concerns the in-plane mechanisms, the third step of the proposed method
states to identify intrinsically vulnerable and non-vulnerable elements (Table 6.2).
Thus, the central vault and the apse vault can be considered as intrinsically vulnerable,
while the main façade, the right and left chapels and the apse walls non-vulnerable.
After this definition, DED values have to be considered. As shown in Fig. 6.21, the
central vault is affected by the highest DED value, so it can be considered the first vul-
nerable macro-element in the St. Venerio church. Moreover, the left and right chapel,
the longitudinal walls 45 cm-thick and the façade have respectively 15, 11 and 1.6
N/mm/m3. It is not immediate to distinguish, in terms of dissipated energy density,
the amount of energy relative to out-of-plane or to in-plane mechanism, since generally
a combination of modes occurs.
A scale of vulnerability can then be compiled, giving information about a possible
priority of interventions to perform the seismic response of the church (Table 6.3).
The scale is proposed giving more vulnerability to intrinsically vulnerable elements
(central vault) first, then proceeding with DED values. External walls with thickness
45 cm are considered less vulnerable since the DED value is high, but their response is
only in-plane.
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Table 6.2: In-plane mechanisms and corresponding dissipated energy densities
Macro-element DED (N/mm/m3) hierarchy
Central vault 30
Ext.walls t=30 cm (left-right chapels) 15
Ext.walls t=45 cm 11
Façade 1.6
Table 6.3: Scale of vulnerability of macro-elements of the St. Venerio church in the as-built
configuration
Macro-element DED (N/mm/m3) Failure modes (out/in)
Central vault 30 In
Ext.walls t=30 cm (left-right chapels) 15 In-Out
Arch adjacent to façade 2 -
Façade 1.6 In-Out
Apse 1.5 In-Out
Ext.walls t=45 cm 11 In
Whole church 8 -
6.7.6 Considerations on the energy dissipation and parametric analysis
The evolution of the dissipation energy density over time is shown in Fig. 6.21, when
the church is subjected to the seismic record of Mirandola station (MRN). The macro-
elements that dissipated major energy are the central vault, followed by the right façade
(right chapel in the figure). Indeed, the central vault collapsed Fig. 6.13 and the right
façade (Fig. 6.16a, 6.22) was strongly damaged by the ground motion, both in-plane
and out-of-plane with incipient overturning.
A high DED value is registered for the left façade (left chapel in figure), effectively
less damaged than the right one for what regards in-plane mechanism, but with an
incipient overturning mechanism for the out-of-plane response (Fig. 6.16b, 6.22). Both
values overcome the average damage of the church, obtained as the total dissipation
energy divided by the overall masonry volume. The same occurs for the 45-cm thick
longitudinal walls, with a DED value of about 11 N/mm/m3. Below that amount, the
values of dissipated energy of remaining macro-elements or arches stand.
The main façade and the apse, although noticeably damaged, exhibit low dissipation
energy density, since the cracks have large extension, but are few the involved volume
is large (Figs. 6.14, 6.15). This aspect emerges for out-of-plane response.
The remaining elements, which are the side arches (intended as arches adjacent to
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6.4 Considerations on the energy dissipation and parametric analyses. 
The evolution of the dissipation energy density over time is shown in Fig. 13 for the 
accelerometric station MRN (Mirandola). The macro-elements that dissipated major energy 
are the central vault, followed by the left and right façades, 30 cm thick (left and right chapel 
in the figure legend). Indeed, the central vault collapsed (Fig. 5) and the right-left façades 
(Fig. 10) were strongly damaged by the ground motions, both in-plane and out-of-plane with 
incipient overturning.  
 
  
Figure 13 – DED evolution for the church subjected to Mirandola acceleration time history  (ft=0.10 MPa, 
FE=0.01 N/mm, quadratic S8R elements). 
A high DED value is registered for the left façade (left chapel in figure), effectively less 
damaged than the right one for what regards in-plane mechanism, but with an incipient 
overturning mechanism for the out-of-plane response (Fig. 10b). Both values overcome the 
average damage of the church, obtained as the total dissipation energy divided by the overall 
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Figure 6.21: DED evolution for the St. Venerio church subjected to Mirandola acceleration
time history (ft=0.10 MPa, FE=0.01 N/mm, quadratic S8R elements)
left and right façades) and the internal façade arch, stand as elements for comparison
purposes: one can see that the value of the façade arch is quite high as demonstrated
by the real occurred damage (Fig. 6.14c).
After approximately twelve seconds of time-history analysis, the maximum value of
dissipation energy is reached, and it remains constant, since peak accelerations are
passed (Fig. 6.21).
Fig. 6.23 shows the dissipation energy per unit volume, over time, for different values
of tensile initial strength and fracture energy: the results are furnished in [N/mm/m3]
as referred to the energy per unit of fractured surface and then divided by the volume of
the considered macro-element. Linear 4-nodes elements are taken into account in this
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Incipient overturning 
mechanism right wall
Incipient overturning 
mechanism left wall
Figure 6.22: In-plane and out-of-plane response of right and left façades (internal walls)
parametric analysis. One can notice that the evolution of damage is almost the same,
although naturally the values increase, if the material capacity of resisting to tensile
failure decreases.
Parametric analysis with different values of compressive strength showed no differ-
ences in the response, confirming that the mechanical properties that more affect the
masonry behavior are tensile strength ft and fracture energy FE. Additional param-
eters, useful for understanding the role of macro-elements, are the tensile damage
variable dt and the plastic strains PE vectors, which identify the direction of cracks
(Fig. 6.24). In particular, it can be observed that the contour plots change in a negligi-
ble fashion supposing different ft and FE values. For what concerns the direction of
the cracks, it is worthy to notice their concentrations on the intersecting walls in the
lateral façades, as actually occurred in terms of out-of-plane mechanisms. Moreover,
in all four cases of Fig. 6.24, cracks at the intersection of the main façade with lon-
gitudinal walls are visible and reproduce the real situation showed by Fig. 6.16c and
Fig. 6.16, in the incipient overturning of the façade, although limited in a small length
from the top of the wall.
Fig. 6.25 shows a plot of plastic strains vectors between both intersecting walls and the
main façade along the profile arch, actually detached from the façade because of the
longitudinal dynamic thrust of the roof.
Analyses were performed also keeping constant the mechanical properties and chang-
ing the acceleration time-history (Mirandola, MRN, Moglia, MOG0, Novellara, NVL
reported in Fig. 6.8). All the DED values were scaled to the overall average one, taken
equal to 1, these values are shown in Table 6.4. Thus, for instance, the central vault is
always affected by the highest DED value. The results are very similar for the actions
characterized by a similar PGA (§ 6.6), MRN and MOG0: for instance the main façade
and the apse have about 20% of the average DED.
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masonry volume. The same occurs for the 45-cm thick longitudinal walls, with a DED value 
of about 11 N/mm/m3. Below that amount, the values of dissipated energy of remaining macro-
elements or arches stand. The main façade and the apse, although noticeably damaged, exhibit 
low dissipation energy density, since cracks have large extension, but are few and the 
involved volume is large (Figs. 8-9). The remaining elements, which are the side arches 
(intended as arches adjacent to left and right façades) and the internal façade arch, stand as 
elements for comparison purposes: one can see that the value of the façade arch is quite high 
as demonstrated by the real occurred damage (Fig. 8b).  
After approximately ten seconds of time-history analysis, the maximum value of dissipation 
energy is reached, and it remains constant, since peak accelerations are passed, after about 
twelve seconds (Fig. 13). 
Fig. 14 shows the dissipation energy per unit volume, over time, for different values of 
tensile initial strength and fracture energy: the results are furnished in [N/mm/m3] since 
referred to the energy per unit of fractured surface and then divided by the volume of the 
considered macro-element. Linear 4-nodes elements are taken into account in this parametric 
analysis. One can notice that the evolution of damage is almost the same, although naturally 
the DED values increase  if the material capacity of resisting to tensile failure decreases. 
   
   
   
   
   
   
  D
is
si
pa
te
d 
en
er
gy
 p
er
 v
ol
um
e 
(N
/m
m
/m
3 )
 
Time (sec) Time (sec) Time (sec) 
ft=0.15 MPa,  
FE=0.5 N/mm, S4R 
 
ft=0.10 MPa, 
FE=0.1 N/mm, S4R 
 
ft=0.10 MPa,  
FE=0.05 N/mm, S4R 
 
Figure 14 –DED evolution (MRN) for different mechanic parameters. 
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Figure 6.23: Dissipated energy per volume for each element [N/mm/m3] (MRN, S4R) and
for different mechanical parameters
Table 6.4: Rates of dissipated energy for each macro-element/arch in St. Venerio church
(with respect to the average energy/volume-S4R, ft=0.15 MPa, FE 0.5 N/mm) S.R.=side right,
S.L.=side left, Av.=global average, F.arch=façade arch
Action Av. Apse F.arch S.R.arch S.L.arch R.C. L.C. Vault Façade
MRN 1.00 0.24 0.01 0.05 0.02 0.69 0.63 4.64 0.21
MOG0 1.00 0.19 0.02 0.03 0.04 0.72 0.63 5.76 0.17
NVL 1.00 1.90 0.00 0.00 0.00 0.85 0.31 10.87 0.00
By contrast, if the PGA is lower, some failures are not even activated (e.g. for the
NVL in the side arches and the façade), some others overestimated (apse). However,
the most dissipating elements are not filtered (right chapel with 0.85 and the dome
vault with 10.87). Thus, the energy dissipation is comparable for actions that have a
similar PGA. The failure modes associated with these actions are however very similar
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the role of macro-elements, are the tensile damage variable dt and the plastic strains PE 
vectors, which identify the direction of cracks (Fig. 18). In particular, it can be observed that 
the contour plots change in a negligible fashion supposing different ft and FE values. For what 
concerns the direction of the cracks, it is worthy to notice their concentrations on the 
intersecting walls in the lateral facades, as actually occurred in terms of out-of-plane 
mechanisms. Moreover, in all four cases of Fig. 18, cracks at the intersection of the main 
façade with longitudinal walls are visible and reproduce the real situation showed by Fig. 6c, 
in the incipient overturning of the façade, although limited in a small length from the top of 
the wall.Fig. 19 shows an interesting plot of plastic strains vectors between both intersecting 
walls and the main façade along the profile arch, actually detached from the façade because of 
the longitudinal dynamic thrust of the roof. 
 
 
Figure 18 – Tensile damage variable contour (left) and direction of plastic strains vectors (right) (MRN). 
Figure 6.24: Tensile damage variable contour (left) and direction of plastic strains vectors
(right) (MRN)
to Fig. 6.24 in terms of damage pattern.
6.7.7 Strengthening techniques and rehabilitation strategy
The improvements obtained with strengthening measures, for the sake of brevity, are
taken into account using modified geometric or mechanical properties of existing ma-
terials [41]. That choice is part of the rehabilitation strategy explained in § 6.2, where
a target parameter is varied to reduce damage and dissipated energy density to vulner-
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Figure 6.25: Direction of plastic strains in the main façade and internal view of the detachment
(MRN)
able elements. In this paragraph, a procedure of rehabilitation strategy that designers
can perform is described. Let us suppose improved mechanical properties for tensile
state of vulnerable elements, as classified in § 6.7.5.
The varied material is characterized by a FE equal to 0.1 N/mm and ft of 1 MPa.
That reinforced material is adopted for the central vault and the left and right chapel
(Fig. 6.18 (b) ). In addition to the material modification, n. 2 steel 20 mm-diameter tie-
rods are designed for the façade, in order to limit the out-of-plane mechanism. More-
over, n. 2 25 mm-diameter tie-rods are applied in the central vault (diagonal direction,
Fig. 6.26). That is aimed to reduce relative displacements between vault supports.
Results are presented in Table 6.27, in terms of dissipated energy (DE) for each macro-
element and dissipated energy density (DED) obtained by DE divided by the corre-
sponding volume, also reported. The corresponding damage pattern is depicted in
Fig. 6.28 (a).
The overall average energy density decreased by 34%, particularly for the reduced
damage (-92%) obtained for the central vault, whose damage sensitively decreased for
the high tensile strength and fracture energy adopted.
A strong reduction of energy also occurred for the left (-47%) and right (-57%) chapel
walls, diminishing damages related to out-of-plane failure (Fig. 6.28 (b)). For these
walls, still out-of-plane mechanisms seem to be possible in the intersection with 45-
cm thick walls, aspect that could be reduced with additional tie-rods. No significant
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reduction was registered for the longitudinal 45 cm-thick walls (-4%).
Nevertheless, in the façade the DED decreased by 12% and the maximum plastic strain
decreased by about 50% (Fig. 6.24 and 6.28(a) ). This was due to the reduction of the
out-of-plane mechanism, eased by the two tie-rods. Moreover, in the apse a DED re-
duction of 56% occurred, demonstrating that with the proposed technique, even though
Façade:
20 mm diameter steel tie-rods
Central dome vault:
25 mm diameter steel tie-rods
Varied mechanical properties
Figure 6.26: Example of rehabilitation strategy: varied mechanical properties and steel tie-
rods installment
 
DE (N/mm) Volume DED (N/mm/m3) 
 
 
As-built Reinf. (m3) As-built Reinf. % DED red. 
Whole church 2022.47 1335.70 268.86 7.52 4.97 -34 
Dome vault 106.55 8.10 3.45 30.92 2.35 -92 
Left chapel w. 443.95 234.60 34.67 12.80 6.77 -47 
Right chapel w. 520.10 222.30 34.67 15.00 6.41 -57 
Wall 45cm 386.84 371.60 35.31 10.95 10.52 -4 
Façade 82.19 72.40 51.88 1.58 1.40 -12 
Apse 70.56 30.70 53.33 1.32 0.58 -56 
Tympanum 0.10 0.10 7.58 0.01 0.01 0 
 
Figure 6.27: Rehabilitation strategy results: comparisons in terms of dissipated energy (DE),
dissipated energy density (DED) between the as-built configuration and the rehabilitated one
with percentage of DED reduction
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the intervention was not directly relative to the apse, a better distribution of DE took
place.
Several criteria for considering the strengthening techniques efficient can be to have
similar DED values for all macro-elements equal to the overall average DED, or val-
ues that do not overcome a specific percentage of the overall average DED, or a fixed
reduction of DED for each macro-element.
Other target parameters could be varied, for instance the central vault thickness with
stiffening lightweight concrete and FRP.
Fig. 6.30 shows the improvement achieved in presence of a consolidation intervention,
if one gets a vault thickness of 12 cm instead of 6 cm. The DED value changes from
about 23 to 15 N/mm/m3, resulting in a reduction of the “work” required to the vault
of 35%.
Finally, it is worthy to notice that also the modal analysis, performed in § 3.5.2, qualita-
tively showed the vulnerability of the central vaults and the possibility of out-of-plane
mechanisms, confirming the above mentioned results.
6.7.8 Effect of limited non-linearity to a reduced number of macro-elements
It could be interesting to investigate the situation for which just some elements are
analyzed in nonlinear range. The purpose is of significantly reducing the computational
time without reduction in correctness of results. Two cases are analyzed: the first with
only the central dome vault, modelled as nonlinear (Fig. 6.29), while in the second one
both vault and right chapel are assumed to be non-linear (Fig. 6.30). In the two cases
FE is equal to 0.5 N/mm, ft is 0.15 MPa and the action is MRN. Graphs show how
results are not influenced by the non-linear behavior of the adjacent elements. This
aspect is particularly significant, since it strongly reduces one of the limitations of theThe energy dissipation method for identifying vulnerable elements in historic masonry churches – L. Giresini 
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Figure 17 – Plastic strain vectors distribution in the rehabilitated case: overall view (a) and left-right chapel walls 
(b) 
 
Other target parameters can be varied, for instance the central vault thickness (for instance 
with stiffening lightweight concrete and FRP). Fig. 18 shows the improvement achieved if 
one assumes a vault thickness of 12 cm instead of 6 cm, properly adapting the corresponding 
seismic mass (FE=0.5 N/mm, ft =0.15 MPa and the action is MRN). The value of the 
dissipated energy density changes from about 23 to 15 N/mm/m3, resulting in a reduction of 
the work required to the vault of 35%.  
 
 
Figure 18 – Dissipated energy per unit volume with all nonlinear elements and just the vault and the right 
chapel walls (RC)  nonlinear – vault equivalent thickness: 12 cm. 
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Figure 6.28: Plastic strain vectors distribution in the rehabilitated case: overall view (a) and
left-right chapel walls (b)
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proposed method, with a computational time of 1:10. Nevertheless, this result does
not have to be considered as general, since the vulnerable elements are not known in
advance and that can bring undesirable results.
6.8 Application to a basilica church
6.8.1 Architectural features of the Beata Vergine Annunziata church
The Beata Vergine Annunziata church (or Annunziata church) is structurally isolated
and located nearby Reggiolo, in Brugneto village (Fig. 6.31). The plan dimensions are
32x18 m while the maximum height at the tympanum is about 16 m. The longitudinal
direction of the building is along West-East, as generally occurs to keep the apse toward
East for religious reasons.
The basilica church is constituted by three naves: the lateral ones are covered by a
sequence of four barrel vaults and three groin vaults and have lateral chapels with
three barrel vaults. All vaults have thickness of 6 cm while external and transverse
walls are about 40-50 cm thick.
Five masonry pillars per side divide the central nave from the lateral ones. They bear an
arcade reinforced by steel ties whose effectiveness cannot be simply demonstrated. The
central nave barrel vault is made by thin wood and plaster and therefore just modelled
as equivalent mass.
At the extremity of the central nave, the triumphal arch opens the access to the altar
(Fig. 6.31 (b)), covered by an additional barrel vault continuing with the apse.
 
0
5
10
15
20
25
0 10 20 30 40
D
is
si
pa
te
d 
en
er
gy
 p
er
 v
ol
um
e 
(N
/m
m
/m
3 )
Time (sec)
Dome vault (all nonlinear)
Vault (vault nonlinear)
Figure 6.29: Dissipated energy per unit volume with all nonlinear elements and only the vault
in nonlinear range
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Figure 22 – Dissipated energy per unit volume with all nonlinear elements and just the vault and the right 
chapel walls (RC)  nonlinear – vault equivalent thickness: 12 cm. 
 
Figure 23 – Dissipated energy per unit volume with all nonlinear elements and just the vault nonlinear (MRN). 
Vault tensile strength: 1.5 MPa 
An amount of 40 modes are necessary to reach the 80% of the total mass. It follows a 
relevant scattering of modal masses, especially in longitudinal direction X, typical situation 
for irregular buildings as churches [41]. The first mode has the largest participant masses 
along Z (transverse): it is clearly visible a relative vertical displacement between the two 
couples of pendentives of the central vault (Fig. 24a). Its dynamic participation is also evident 
from the second mode (Fig. 24c,d).The main mode in longitudinal direction suggests an 
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Figure 6.30: Dissipated energy per unit volume with all nonlinear elements and only the vault
and the right chapel w lls (RC) nonlinear (MRN, vault thickness 12 cm)
The church was built in several stages since the XIV century. The last intervention
occurred in the early 70’s with the substitution of the timber roof with a precasted r.c.
beams one. Most likely the church is built with mortar and brick masonry, of the same
type than that found in the St.Venerio church.
For that reason, the same mechanical properties, with the exception of the fracture
energ and the tensile strength - that will be specified case by case - have been adopted
in numerical simulations.
a b
Figure 6.31: The braced façade (a) and the central nave (b) of the Annunziata church in
Brugneto (Reggiolo, Italy)
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Figure 6.32: Cracks (in red) surveyed in the vaults
(a) Cracks in the right lateral nave groin vault (b) Finite element model (Abaqus CAE 6.12)
Figure 6.33: Widespread damages in groin vault and model of the Annunziata church
6.8.2 Surveyed damages
The main damages occurred in the Annunziata church during the earthquake happened
on May, 29th 2012 interested the main façade, which rotated outward about a base
hinge. That movement was promptly stopped by the intervention of the Italian Fire
Corps with timber bracing (Fig. 6.31 (a)). The church additionally suffered from slight
but widespread micro-cracks in vaults and arches, due to the relative displacements in-
duced by the shacking and vertical motions. Fig. 6.32 clearly shows that most damages
occurred in the lateral naves and the adjacent chapels, particularly in the right and left
chapels, in the lateral naves groin (Fig. 6.33a) and barrel ones.
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Figure 6.34: Macro-elements and vaults definition for the Annunziata church
6.8.3 Finite element model and material properties
The finite element model is constituted by 21236 quadratic shell elements (S8R) and
62226 nodes (Fig. 6.33b). Steel ties in lateral naves and r.c. beams in the central one
are modelled as beams with linear elastic behavior. Base nodes are hinged and masonry
is represented by the CDP model (§ 6.5), with the same values reported in Table 6.19,
except fracture energy per surface, equal to 0.5 N/mm, and tensile strength of 0.5 MPa.
Fig. 6.34 shows the macro-elements and vaults types considered in the numerical sim-
ulations.
Rigorously, eight different analysis should be carried out with the different config-
urations of accelerograms in the three directions (+NS,+WE,+vert; -NS,+WE,+vert;
+NS,-WE,+vert; +NS,+WE,-vert; +NS,-WE,-vert; -NS,+WE,-vert; -NS,-WE,+vert; -
NS,-WE,-vert). Considering negligible the sign of the vertical and the NS accelero-
gram, the damage highlighted for the left vaults may be switched to the right ones
whether the direction of the seismic action changes sign.
6.8.4 Results and discussion
The results for the Annunziata church point out the strong vulnerability of lateral naves
vaults, actually the most damaged for in-plane shear mechanisms. Due to convergence
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issues, the graphs are reported for the maximum number of seconds for which the
solution does converge. In general, the values of dissipated energy density are in that
case much lower than those obtained for St. Venerio church. Indeed, with the exception
of the incipient overturning of the façade, no severe damages occurred.
Only results referred to right (or left) part are reported, since the North-South direction
of the registered motion is not known and the church is symmetric with respect to the
longitudinal axis. Being the structure symmetric with respect to the longitudinal axis
(WE), the distinction between left and right side vaults is not so relevant, since the
direction of the natural accelerogram along NS direction displacements is not known
in advance. However, the maximum value of dissipated energy is obtained for the left
groin vaults, actually with spread damage. Also in this case, results are expressed in
[N/mm/m3].
These values are of five orders of magnitude lower than that of the St. Venerio church
(that was about 30 N/mm/m3). From an overall damages estimation, indeed, the
Annunziata church suffered strongly less than St. Venerio. Besides it, precise values of
dissipated energy density are not so important by themselves; rather, it is relevant their
comparison within elements of the same church. In addition, the lack of convergence
is not a crucial problem whether the highest peaks of seismic action are overcome: it is
likely indeed to have a behavior similar of that in Fig. 6.23 with a horizontal asymptote
after the peak.
Graphs are reported zooming parts near the lack of convergence, since in the initial
parts all energies are basically zero.
The solution did not converge with acceptable values of tensile strength and fracture
energy for masonry, therefore results show a vertical asymptote. Fig. 6.35 show the
response for MRN action: the lack of convergence occurs at about 5.4 seconds due to
the vertical high components. The values of groin and barrel vaults of the lateral naves
and the side chapels overcome those related to the average one, of order of magnitude
-5. Façade, apse vault and columns do not result to be damaged.
Assuming an increased tensile strength for groin vaults, say 5 MPa, for instance achiev-
able by means of FRP stripes, one can notice that the right groin vaults damage de-
creases of 2 orders of magnitude (Fig. 6.36). Nevertheless, the energy is transferred
to the left and right chapels’ vaults, for which the damage is doubled. In addition,
apse vault and left/right columns have higher DED values than the previous situation
without consolidation. The designer should then calibrate the intervention in order to
achieve a global improvement that he considers satisfactory by a trial and error pro-
cess.
Also for the MOG0 case, the order of magnitude of energy is -3 and the maximum
value is related to the left groin vaults. In addition, left columns result to be subjected
to damage, and actually some of them were seen to be damaged. Nevertheless, these
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Figure 6.35: DED evolution (ft=0.5 MPa, FE=0.1 N/mm, MRN, S8R)
values are three orders of magnitude lower than the highest one and lower than the
average dissipated energy density (Fig. 6.37).
The X-axis for MOG0 is translated forward of 10 seconds (so the convergence does
not occur at 10.9 seconds that correspond to 20.9 seconds of the action in Fig. 6.10).
Decreasing the accelerogram PGA (Table 5.2), namely considering NVL action, the
damage is lower (Fig. 6.38). Nevertheless, still for the NVL action, vaults continue
to be the most damaged among macro-elements. Instead, for NVL accelerogram the
value for the façade is different from zero. By assuming a tensile strength of 5 MPa
for the groin vaults (MOG0 action, Fig. 6.39), DED reasonably vanishes, while the
dissipated energy is transferred to the adjacent left and right barrel vaults, vulnera-
ble elements for their small thickness. In the case that MOG0 action is applied, the
façade experiences a much higher dissipated energy density, which might mean that
both the behavior is preferable whether it works in-plane or it is worsened whether the
response is out-of-plane. Notice that in all graphs the values related to the transverse
and longitudinal walls are not reported since their values is basically always equal to
zero. It is necessary to associate the distribution of plastic strains (PE) to DED val-
ues. The PE contour plot shows an out-of-plane response of the façade that actually
occurred (Fig. 6.40), limited to the upper part. Moreover, the figure depicts also the
widespread damages concentrated in the groin vaults (Figs. 6.32, 6.33a). DED values
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Figure 6.37: DED evolution (ft=0.5 MPa, FE=0.1 N/mm, MOG0, S8R)
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Figure 6.39: DED evolution (ft=5 MPa, FE=0.1 N/mm, MOG0, S8R)
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Figure 6.40: Tensile damage and plastic strains vectors: comparisons with surveyed damages
in the façade and in the groin vaults (ft=0.5 MPa, FE=0.1 N/mm, NVL, S8R)
are sensitively lower than the case of St. Venerio. The consideration that damages are
concentrated in very limited parts of the church is believed to be a reasonable explana-
tion for that.
Also in this case, DED values are not depending on the applied seismic records, if the
latter have similar PGA (Table 5.2). Tables 6.5 and 6.6 show the rates of maximum
dissipated energy for each element in the Annunziata church with respect to the average
equal to 1: also in this case, the orders of magnitude are generally the same for MRN
and MOG0 actions, while for a low dynamic loading, as NVL, some failures are not
activated.
6.9 Limitations of the method
The method is computationally expensive, for the necessities of taking into account
both material non-linearities and multiple acceleration time-histories. Nevertheless, it
has been shown that if one considers only some elements characterized by nonlinear
behavior, results in terms of dissipated energy do not sensitively change.
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Table 6.5: Rates of DED in the Annunziata church (with respect to the average energy/volume-
S8R, ft=0.5 (5 for groin vaults=cons.) MPa, FE 0.1 N/mm. Left side
Average Barrel Chapels Groin Columns Façade
M
R
N DED 2.8E-08 3.0E-06 7.6E-05 1.5E-04 0 0
Rate 1 1.1E+02 2.7E+03 5.5E+03 0 0
C
on
s. DED 1.2E-10 5.0E-06 3.6E-04 5.0E-09 9.1E-07 2.4E-09
Rate 1 4.1E+04 3.0E+06 4.1E+01 7.5E+03 2.0E+01
M
O
G DED 1.1E-08 7.6E-07 1.8E-04 2.7E-03 8.6E-07 3.7E-08
Rate 1 7.1E+01 1.7E+04 2.5E+05 8.1E+01 3.5E+00
C
on
s. DED 9.7E-08 4.9E-05 4.7E-05 9.9E-08 0 0
Rate 1 5.1E+02 4.8E+02 1.0E+00 0 0
N
V
L DED 3.7E-09 1.8E-06 2.1E-06 6.7E-05 0 0
Rate 1 4.8E+02 5.7E+02 1.8E+04 0 1.5E-08
C
on
s. DED 9.6E-12 1.8E-06 0 0 0 0
Rate 1 1.8E+05 0 0 0 0
Table 6.6: Rates of dissipated energy for each element in the Annunziata church (with respect
to the average energy/volume-S8R, ft=0.5 (5 for groin vaults=cons.) MPa, FE 0.1 N/mm.
Right side
Barrel Chapels Groin Columns Apse vault
M
R
N DED 1.5E-06 2.8E-05 5.1E-04 0 1.6E-08
Rate 5.5E+01 1.0E+03 1.8E+04 0 5.7E-01
C
on
s. DED 1.3E-06 3.4E-04 1.7E-05 4.4E-06 5.2E-08
Rate 1.1E+04 2.8E+06 1.4E+05 3.7E+04 4.3E+02
M
O
G DED 4.1E-04 5.1E-04 9.9E-06 8.6E-07 1.03E-09
Rate 3.8E+04 4.8E+04 9.3E+02 8.1E+01 9.7E-02
C
on
s. DED 6.6E-05 6.5E-05 2.4E-07 4.2E-08 7.36E-10
Rate 6.8E+02 6.7E+02 2.5E+00 4.3E-01 7.6E-03
N
V
L DED 1.8E-06 0 5.2E-05 0 0
Rate 483 0 14154 0 0
C
on
s. DED 1.8E-06 0 0 0 0
Rate 185136 0 0 0 0
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Although there is not a relevant dependence of outcomes on mechanical proper-
ties, these values are not easy to estimate, especially due to difficulties in performing
experimental tests on historic masonry.
The use of the dissipated energy by itself is not sufficient to estimate seismic vulnera-
bility, due to the different failures possibly involved. Indeed, a brittle failure (tension
failure, failure at connections, diagonal tension failure) leads to lower dissipation in
comparison with shear failure (frictional). Furthermore, the out-of-plane failure can be
regarded as low dissipation mechanism if not accompanied by out-of-plane. However,
if the same failure type is identified, DED is useful to state seismic vulnerability.
Therefore, it is always necessary to evaluate distribution and direction of plastic
strains.
Finally, the number of acceleration time histories, for which the analysis can be
considered reliable, is not known in advance: that aspect may further increase the
computational time. However, unlike the push-over analysis, the procedure is capable
of predicting the damages without missing the time information, namely the evolution
of damage over time.
6.10 Conclusions
The proposed strategy consists in taking into account the evolution of damage during
earthquakes in masonry churches. With this method, a scale of vulnerability can be
compiled for macro-elements that compose the church. This is done considering two
factors: the dissipated energy density over time and the distribution of plastic strains,
both obtained from non-linear transient analyses.
The damage pattern has first to be analyzed with the plastic strains vectors,
which allow identifying the cracks direction. The purpose is of identifying whether
failure modes are in-plane or out-of-plane. Out-of-plane modes result in a vulnerable
behavior, together with intrinsically vulnerable elements (thick masonry vaults e.g.)
subjected to in-plane shear mechanisms and high dissipated energy values. By
contrast, in-plane response of intrinsically non vulnerable elements (as thick walls) is
not considered vulnerable, but rather wanted, since the dissipation has to take place
anyway.
Thus, possible strengthening techniques can be aimed to transfer the amount of
dissipated energy to more resistant elements (thick walls) and to reduce out-of-plane
mechanisms. The method might be also applied to historic complex structures for
which traditional approaches are not suitable, or in addition to them.
A simple but significant case study, the single nave St. Venerio church, was analysed
to apply the proposed method. First, a subdivision in macro-elements was carried
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out. Transient analyses showed a distribution of plastic strains in agreement with the
surveyed damage. This helped to calibrate the non-linear masonry behaviour. Without
knowing damages in advance, the method is able to suggest a scale of vulnerability
depending on the failure modes and the DED values for each macro-elements. Thus,
the central vault was classified by the method as the most vulnerable element, being
intrinsically vulnerable as thin vault and characterized by the highest DED value.
Vulnerable elements resulted also the walls in the right and left chapels, subjected to
out-of-plane response and high DED values. The latter aspect was probably related
to their in-plane response, since micro-cracks were effectively surveyed. Instead,
longitudinal walls have high DED value but not out-of-plane response. Since they are
40 cm thick, they have been stated less vulnerable elements among those considered.
Other elements presented almost zero DED values and no damage, as the tympanum.
They can be then considered non-vulnerable.
It is relevant to point out that the structural designer, with this strategy, can focus
his attention to a criterion based on the hierarchy of dissipated energy, similarly to
criterion based on hierarchy of strength commonly used: in other words, he can
decide which elements will dissipate the most quantity of seismic energy during an
earthquake, so protecting the most vulnerable ones. The procedure may therefore state
the effectiveness of strengthening devices, by checking the migration of the dissipation
to more resistant elements as external thick walls. For the St. Venerio church, the
design of strengthening techniques in terms of improved mechanical tensile properties
and steel tie-rods was proposed. Outcomes in terms of DED values and damage
pattern were analyzed, showing a different distribution of DED values for each
macro-element. The overall average energy density decreased by 34%, particularly
for the reduced value (-92%) obtained for the central vault. A strong reduction of
energy also occurred for the left (-47%) and right (-57%)chapel walls. Moreover, in
the façade the DED decreased by 12% and the maximum plastic strain decreased by
about 50%. This was due to the reduction of the out-of-plane mechanism, eased by the
steel tie-rods. Also in the apse a DED reduction of 56% occurred, demonstrating that
with the proposed technique, even though the intervention was not directly relative to
the apse, a better distribution of DE took place in global sense.
A basilica three naves church was also analysed. Similar outcomes were ob-
tained, since the largest amount of dissipated energy density continues to interest the
lateral naves groin vaults. Nevertheless, increasing their tensile strength, the massive
longitudinal and transverse walls are not activated, resulting always with values
equal to zero. In addition, energy is transferred to the adjacent barrel vaults, also
vulnerable elements. Further analysis should be performed to verify what would occur
in presence of improved behaviour for all vaults. Outcomes in terms of plastic strains
vectors show high vulnerability of the main façade, since the crack opening reports
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incipient overturning mechanism to be studied with kinematic/dynamic localized
analysis in a complete perspective.
The method was established to be sensitively dependent neither on the nonlin-
ear mechanical properties, in particular fracture energy and tensile strength, nor on
the types of elements (linear or quadratic). Moreover, no relevant dependence on the
acceleration time-history was found.
To summarize this approach, the highlights of the DED analysis are the follow-
ing:
1. in case of vulnerable elements as vaults, the DED permits to evaluate the “con-
centration” of fracture energy as relevant indicator to establish the risk of local
collapse;
2. the method is numerically expensive but it could be optimized with a possible
reduction of the material characterized by non-linear behavior;
3. the unique calculation of DED is not sufficient, but it has to be accompanied by
other analysis - as FEM, kinematic or dynamic local analysis - to identify failure
modes. Therefore, it is not focused on substituting traditional approaches, but it
provides further significant information that other techniques do not give.
Future developments will be related to further calibration of the method with other
churches damaged by real earthquakes, and more detailed guidelines should be pro-
vided to define systematic criteria for considering the adopted strengthening techniques
efficient. For instance, the aim could be to have similar DED values for all macro-
elements (with the same mode and type of failure) equal to the overall average DED,
or values that do not overcome a specific percentage of the overall average DED, or a
fixed reduction of DED for each macro-element.
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7 Conclusions
The evaluation of the seismic response of historic churches is a relevant aspect in the
preservation of the cultural heritage. Earthquake engineering plays a fundamental role
in this field, for the seismic vulnerability assessment and the proposal of rehabilitation
strategies. Modelling techniques are then required as tool for designers who have to
assess the safety of a church or a part of it. In this thesis, several methods have been
proposed, for both local and global analysis.
A multi-level approach was illustrated, starting from the definition of equivalent
stiffness of different vaults typologies, which can be found in churches (§ 3). The
method consists in substituting the vaults with six trusses (two for each direction,
transverse, longitudinal and diagonal in plan), equivalent in terms of stiffness. The
procedure may be easily applied to historic structures with vaulted systems of different
typology. The VET (Vaults Equivalent Trusses) procedure was proposed to speed
the process of modelling a complete church with vaults. Vaults may have complex
geometries and the process of modelling them and performing numerical simulations
is often time-consuming. Moreover, generally the interest is not focused on the vault
itself, but on the overall church seismic behavior. The purpose of § 3 was therefore to
assess the influence of vaults in the global behavior, as well as the benefit achievable
in modelling them as equivalent trusses. Parametric analyses were made for different
vaults types, materials and geometric features. From the resulting charts, designers
can take equivalent stiffness values for a specific vault and model it as set of axial
connectors with proper stiffness. The parametric analysis showed the strong difference
in terms of stiffness between flat panels and vaults, confirming that to model them as
diaphragms, or even not modelling them, might bring incorrect results.
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Analyses carried out in non-linear range demonstrated that masonry vaults keep their
equivalent stiffness for very low values of relative displacements supports (of the
order of millimeter). If these threshold values are overcome, the stiffness rapidly
drops to much smaller values. This is naturally due to the assumed masonry tensile
strength near to zero, but also, in real cases, to the vaults geometry generally affected
by imperfections (although not modelled).
To calibrate the method, two churches were analyzed with the fully modelled (with
finite elements) vaults and with the vaults represented by equivalent axial connectors.
The advantage obtained for St. Venerio, a single-nave church, was negligible due to
the compact plan and the small dimensions, therefore just a comparison in terms of
modal analysis was performed for this case.
By contrast, in the case study of the St. Frediano church, a three-nave basilica church
with much larger dimensions and elongated plan, the advantage was relevant, both in
terms of modeling and calculation time. Modal and transient analyses showed good
correspondence between the full and the simplified models, although the proposed
simplification is strong and seldom does not offer results in favour of safety.
The values of equivalent stiffness were used to perform rocking analysis of
rigid blocks, representing parts of churches (like façades, altar, walls, etc.). Rigid
blocks were supposed to be restrained at a specific height by a spring with a given
stiffness. That spring can recreate the vault or protection measures such as a tie-rod,
or both. Also, transverse walls can be accounted for in the response of façades,
with an alternative approach to others proposed in literature. A first outcome was
that the current normative approach, related to the use of response spectra for local
mechanisms, is not suitable for rocking bodies, confirming previous research in
literature. This inconsistency was shown for two façades and one altar, for which
results provided by the code approach are too conservative. This aspect could be
potentially inappropriate for historic churches, as their rehabilitation is expensive
and invasive in case of overestimated strengthening techniques. The same outcome
emerged for a parametric analysis of isolated walls, in both cases with K = 0 and
K > 0.
A second contribution was given in terms of seismic response improvement in
presence of springs with different stiffness, e.g. if a steel tie-rod is applied to the
isolated block.
Results were also provided in terms of rocking spectra, each of them valid for a given
seismic record. These diagrams were seen to be very useful to understand which
blocks (with specific geometric features) can survive the earthquake. The larger
the blocks, namely the larger the apparent rocking period, the smaller the response
amplitude, confirming the scale effect already found in literature.
After including in the general equation of motion the term depending on the stiffness
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K, a Matlab code was purposely written to solve it. The effect of the added stiffness
was to reduce the amplitude ratio, as the spring performs as restraint. However,
attention must be paid in adopting constant stiffness for the vault or the tie-rod. It
depends upon the capacity of those elements to conserve their stiffness over time
during the acceleration time-history. Different values of stiffness can be included in
the formulation, depending on the rotation sign. For instance, a wall can be restrained
by a steel-tie rod that acts in one direction and by a vault in the other direction. A case
study of a church façade was therefore presented, connected to a groin vault and a
steel tie-rod. Results have been compared with outcomes of the analysis that considers
the rebound effect due to transverse walls [191]. In the latter, results are very sensitive
to additional damping values, which is difficult to determine.
In the proposed method, which could be used in addition to the previous one, the
equivalent stiffness of the vault is considered as finite K value. Thus, if the stiffness
could be determined so as to account for the actual boundary conditions of the wall,
the proposed method could provide more realistic results.
In the same spirit, the response of the two-degrees of freedom system was investigated.
The two rigid blocks are connected to two springs, one at the point where the hinge
forms and another at the top, which can represent different boundary conditions. In
this context, the system describes the transverse response of a basilica church. The
springs recreate the central and lateral nave vaults, whether present, and possibly steel
tie-rods. The equations of motions were written and implemented in a Matlab code.
The case of the St. Frediano church was illustrated, to describe the transverse building
response, accounting for the real involved masses.
Finally, a more sophisticated approach on global analysis was provided in § 6
to investigate the seismic response of churches taking into account the masonry
non-linear behavior. Indeed, with the first approach explained in § 3, only a qualitative
assessment of the vulnerability of the building characterized by vaults could be made.
This was done in terms of relative displacements between vaults supports, reduced by
means of tie-rods, but only in linear range. Actually, this simplification might not be
acceptable if an in-depth analysis must be performed.
The proposed method is based on the evaluation of the damage and the dissipated
energy density (DED) during earthquake, once assumed a proper acceleration history
and mechanical properties for masonry. For each macro-element, the dissipated
energy is computed with transient non-linear analysis. Together with an additional
parameter, the plastic strain vectors distribution, the seismic vulnerability of these
macro-elements can be evaluated.
The method was applied to two cases study. A single nave church was analyzed in
detail, subdividing it into macro-elements as suggested by the traditional approach
on churches (façade, apse, bell tower, vaults, etc.). Transient analyses showed a
209
distribution of plastic strains in agreement with the surveyed damage. Out-of plane
and in-plane failure modes were identified. The calculation of dissipated energy
density for each macro-element gave additional information on the seismic vulner-
ability, confirming which macro-elements were more vulnerable. In particular, the
central dome vault, which in effect collapsed, was subjected to the highest DED value.
Vulnerable elements resulted also the walls in the right and left chapels, subjected to
out-of-plane response and high DED values. The latter aspect was probably related to
their in-plane response, since micro-cracks were effectively surveyed.
Parametric analyses were carried out, assuming different mechanical properties and
seismic records. The DED values were shown to be not sensitively depending neither
on the material tensile strength and fracture energy nor on the action. Thus, for
instance, the central vault was always affected by the highest DED value. The results
were very similar, also in terms of plastic strain distribution, for seismic records
characterized by a similar PGA.
By contrast, if the PGA was lower, some failures were not even activated, some others
overestimated. This considerations leads to take into account a significant number of
seismic records to have reliable outcomes.
It is relevant to point out that the structural designer, with this strategy, can focus
his attention on which elements will dissipate the most quantity of seismic energy
during an earthquake, so protecting the most vulnerable ones. Material properties
and retrofitting measures can be designed trying to eliminate out-of-plane behavior
and easing the in-plane response of resistant walls. For the St. Venerio church, the
design of strengthening techniques in terms of improved mechanical tensile properties
and steel tie-rods was proposed. Outcomes in terms of DED values and damage
pattern were analyzed, showing a different distribution of DED values for each
macro-element. The overall average energy density decreased by 34%, particularly
for the reduced value (-92%) obtained for the central vault. Moreover, in the façade
the DED decreased by 12% and the maximum plastic strain decreased by about 50%.
This was due to the reduction of the out-of-plane mechanism, eased by the effect of
the steel tie-rods.
Further developments can improve and extend the scope of the proposed meth-
ods. First, a deeper insight of the rocking analysis results, eventually identifying
scale effects also for the two degrees of freedom system. An analysis with different
stiffness values should be performed incorporating in the code conditions for which
the stiffness decreases with a bilinear or trilinear curve. In addition, other analysis
should be carried out to better understand the role of the restitution coefficient,
possibly making experimental tests for typical materials found in churches (granite,
stone, brick and mortar masonry). Experimental tests would be required also to
validate the equivalent stiffness determined for vaults, possibly studying the behavior
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after strengthening interventions.
For what concerns the dissipation energy method, it has to be applied to other cases
study with real damages caused by earthquakes, in order to judge the results reliability.
Moreover, more seismic records should be considered, to verify whether the outcomes
are confirmed.
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A Comparisons between transient analyses outcomes:
full and VET models
The graphs reported in this Appendix display comparisons between displacements
time-histories in case of full-modelled church, simplified church with Vaults Equiv-
alent Trusses (VET), full-modelled church with Preventive Safety Features (namely
steel ties, PSF) and simplified church with VET and PSF. PSF are designed in com-
plete configuration in lateral naves, that is longitudinal, transverse and diagonal tie-
rods (Fig. 3.48). These devices naturally reduce relative displacements and therefore
local stresses, dependent on deformations.
The analysis is performed for the St. Frediano church, described in § 3.6. Fig. A.1
shows the considered acceleration time-histories and Fig. A.2 displays the monitoring
points used to compare full and simplified models. For the definition of the check
parameters R and RV ET see § 3.6.3. The discussion of results is made for each time-
history.
A.1 TH1: discussion of results
A.1.1 Full-PSF, ∆U3
The largest reduction is registered for transverse and diagonal relative displacements in
the central part, for the transverse ones in the part adjacent to the façade. In particular,
the rate of reduction of the transverse displacement is the same in the two parts (94%).
The same effect occurs for relative displacements of two adjacent columns (50% and
55% respectively for façade and central part).
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Figure A.1: Acceleration time-histories applied to the St. Frediano church (acceleration in
cm/s2)
A.1.2 Full-VET, ∆U3
The simplified method underestimates maximum transverse displacements in both
parts, while it overestimates the others, to a greater extent for the central part. By
contrast, in the part adjacent to the façade a good agreement is obtained for columns,
external walls and diagonal displacements.
A.1.3 Full PSF-VET+PSF, ∆U3
In both parts of the church the simplified method overestimates maximum displace-
ments and this is in favour of safety. Really good results are obtained in terms of R
and RV ET , since their differences are lower than 15%, with the exception of the trans-
verse displacements for which the VET+PSF model shows a proper behaviour, but the
VET model strongly underestimates maximum displacements. In general, the part ad-
jacent to the façade is subjected to larger displacements, about 1 cm, than those of the
central part, 0.3 cm for columns and external walls.
A.1.4 TH1, ∆U1
Maximum relative displacements are in that case one order of magnitude lower than
those in the transverse direction ∆U3, thus they are not further considered. Just no-
tice that the simplified method, both with and without PSF, generally overestimates
displacements, with the exception of the columns in the part near to the façade.
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A.2 TH2: discussion of results
A.2.1 Full-PSF, ∆U3
The PSF are effective only in transverse direction, for both parts and the reduction is
equal to 85%. On the other hand, for several cases, e.g. columns and external walls,
they amplify the response, probably because the global stiffness is modified in such a
way that the natural frequency is closer to that that is more relevant for the time-history
acceleration. Nevertheless, this increase, apart from those in the part adjacent to the
façade - external walls, are limited to 10%. Thus, they could be ascribed to numerical
approximations.
A.2.2 Full-VET, ∆U3
The simplified method underestimates maximum transverse displacements in both
parts, whereas it overestimates the others. By contrast, the trend is fully recreated
in the VET model in the part adjacent to the façade for columns, external walls and
diagonal displacements (like it is for TH1) and in the central part for columns and
diagonal relative displacements.
A.2.3 Full PSF-VET+PSF, ∆U3
In both parts of the church the simplified method fits very well with the full model.
Just in the second part of the time-history acceleration (by 9thsecond), and just for the
central part, some peeks are filtered.
A.3 TH2 doubled: discussion of results
A.3.1 Full-PSF, ∆U3
By simply doubling the acceleration values of TH2, one can see that the benefit ob-
tained by inserting the PSF is unchanged (about 85%), while the amplification for the
external walls in the central part is less marked. On the other hand, the amplification
is much higher (about -80%) for external walls and diagonal in the part adjacent to the
façade. The problem is extended also to the columns where the maximum displace-
ment changes from 3.25 cm to 4.47 cm with PSF. Thus, it looks like with too high
earthquake intensity, the effect of PSF is not particularly significant.
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A.3.2 Full-VET, ∆U3
The considerations made for TH2 are again valid, but the underestimation is slightly
lower, so it could be ascribed to computational approximations. Nevertheless, the
curve progress for transverse displacement is correct. Also in that case, the curve
is fully recreated in the VET model in the part adjacent to the façade for columns,
external walls and diagonal displacements (similarly to TH1) and in the central part
for columns and diagonal relative displacements.
A.3.3 Full PSF-VET+PSF, ∆U3
In both parts maximum transverse displacements are obtained similar to the full model,
but especially in the part adjacent to the façade the simplified method underestimates
displacements for columns, diagonal and external walls cases, even though with small
differences.
A.4 TH3: discussion of results
A.4.1 Full-PSF, ∆U3
As occurred for TH1, the largest reduction is registered for transverse and diagonal
relative displacements in the central part, for the transverse ones in the part adjacent to
the façade.
A.4.2 Full-VET, ∆U3
Only transverse displacements are underestimated with the simplified method. How-
ever, the remaining are slightly overestimated though very well fitting time-history
displacement is obtained.
A.4.3 Full PSF-VET+PSF, ∆U3
In both parts, displacements are underestimated by the simplified method, and this is
not in favour of safety. Only in case of transverse displacements in the part adjacent to
the façade the displacements are overestimated.
A.5 Graphs
In the following pages graphs in terms of relative displacements histories are shown.
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Figure A.2: Monitoring points used to compare full and simplified models of the St. Frediano
church: part adjacent to the façade (a) and central part (b)
216
A COMPARISONS BETWEEN TRANSIENT ANALYSES
OUTCOMES: FULL AND VET MODELS
-0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
1 3 5 7 9 11
R
el
a
tiv
e 
di
sp
la
ce
m
en
t [
cm
]
Time [s]
Col.
Col. PSF
-0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
1 3 5 7 9 11
R
el
a
tiv
e 
di
sp
la
ce
m
en
t [
cm
]
Time [s]
Ext.walls
Ext.walls PSF
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1 3 5 7 9 11
R
el
a
tiv
e 
di
sp
la
ce
m
en
t [
cm
]
Time [s]
Diag.
Diag. PSF
-0.7
-0.5
-0.3
-0.1
0.1
0.3
0.5
1 3 5 7 9 11
R
el
a
tiv
e 
di
sp
la
ce
m
en
t [
cm
]
Time [s]
Transv.
Transv. PSF
Figure A.3: Comparisons between full model and full model with PSF - TH1, transverse
relative displacements, central part
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Figure A.4: Comparisons between full model and simplified model with VET - TH1, trans-
verse relative displacements, central part
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Figure A.5: Comparisons between full model with PSF and simplified model with VET and
PSF - TH1, transverse relative displacements, central part
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Figure A.6: Comparisons between full model and full model with PSF - TH1, transverse
relative displacements, part adjacent to the façade
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Figure A.7: Comparisons between full model and simplified model with VET - TH1, trans-
verse relative displacements, part adjacent to the façade
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Figure A.8: Comparisons between full model with PSF and simplified model with VET and
PSF - TH1, transverse relative displacements, part adjacent to the façade
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Figure A.9: Comparisons between full model and full model with PSF - TH1, longitudinal
relative displacements
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Figure A.10: Comparisons between full model and simplified model with VET - TH1, longi-
tudinal relative displacements
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Figure A.11: Comparisons between full model with PSF and simplified model with VET and
PSF - TH1, longitudinal relative displacements
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Figure A.12: Comparisons between full model and full model with PSF - TH2, transverse
relative displacements, central part
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Figure A.13: Comparisons between full model and simplified model with VET - TH2, trans-
verse relative displacements, central part
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Figure A.14: Comparisons between full model with PSF and simplified model with VET and
PSF - TH2, transverse relative displacements, central part
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Figure A.15: Comparisons between full model and full model with PSF - TH2, transverse
relative displacements, part adjacent to the façade
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Figure A.16: Comparisons between full model and simplified model with VET - TH2, trans-
verse relative displacements, part adjacent to the façade
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Figure A.17: Comparisons between full model with PSF and simplified model with VET and
PSF - TH2, transverse relative displacements, part adjacent to the façade
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Figure A.18: Comparisons between full model and full model with PSF - TH2 double, trans-
verse relative displacements, central part
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Figure A.19: Comparisons between full model and simplified model with VET - TH2 double,
transverse relative displacements, central part
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Figure A.20: Comparisons between full model with PSF and simplified model with VET and
PSF - TH2 double, transverse relative displacements, central part
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Figure A.21: Comparisons between full model and full model with PSF - TH2 double, trans-
verse relative displacements, part adjacent to the façade
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Figure A.22: Comparisons between full model and simplified model with VET - TH2 double,
transverse relative displacements, part adjacent to the façade
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Figure A.23: Comparisons between full model with PSF and simplified model with VET and
PSF - TH2 double, transverse relative displacements, part adjacent to the façade
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Figure A.24: Comparisons between full model and full model with PSF - TH3, transverse
relative displacements, central part
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Figure A.25: Comparisons between full model and simplified model with VET - TH3, trans-
verse relative displacements, central part
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Figure A.26: Comparisons between full model with PSF and simplified model with VET and
PSF - TH3, transverse relative displacements, central part
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Figure A.27: Comparisons between full model and full model with PSF - TH3, transverse
relative displacements, part adjacent to the façade
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Figure A.28: Comparisons between full model and simplified model with VET - TH3, trans-
verse relative displacements, part adjacent to the façade
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Figure A.29: Comparisons between full model with PSF and simplified model with VET and
PSF - TH3, transverse relative displacements, part adjacent to the façade
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B Equations of motion of the two DOF system
B.1 Virtual displacements
All the equations in the Appendix are referred to the case 1 (Fig. 5.49); for the other
cases the expression simply change depending on the location of the instantaneous
centre of rotation. The displacement of the mass m1 is given by:{
∂u1 = R1cos(α1 − q1) sin∂q1
∂v1 = R1sin(α1 − q1) sin∂q1
(B.1)
the same as 5.8. Similarly, for the intermediate hinge M:{
∂uM = 2R1cos(α1 − q1) sin∂q1
∂vM = 2R1sin(α1 − q1) sin∂q1
(B.2)
The virtual displacement of the second mass m2 can be written:{
∂u2 = ∂uM +R2cos(α2 + q2) sin∂q2
∂v2 = ∂vM +R2sin(α2 + q2) sin∂q2
(B.3)
thus: {
∂u2 = 2R1cos(α1 − q1) sin∂q1 +R2cos(α2 + q2) sin∂q2
∂v2 = 2R1sin(α1 − q1) sin∂q1 +R2sin(α2 + q2) sin∂q2
(B.4)
considering that q2 is negative and therefore the sin/cos argument is α2 + q2. It is then
automatic that the displacement of the point B is:
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{
∂uB = 2R1cos(α1 − q1) sin∂q1 + 2R2cos(α2 + q2) sin∂q2
∂vB = 2R1sin(α1 − q1) sin∂q1 + 2R2sin(α2 + q2) sin∂q2
(B.5)
Herein it will be valid the following simplification:{
A1 = α1 − sgn(q1) q1
A2 = α2 − sgn(q2) q2
(B.6)
to extend the formulation from the case 1 to all the four cases.
B.2 Kinetic energy
The kinetic energy is given by the sum of the terms relative to each mass as follows:
T = T1,trasl + T1,rot + T2,trasl + T2,rot (B.7)
The velocity of the mass m1 is given by:
{
u˙1 = R1cos(A1)q˙1
v˙1 = R1sin(A1)q˙1
(B.8)
It should be noted that the velocity is written with reference to a deformed configura-
tion with q1 (within parenthesis) different from zero. Moreover, the trigonometric term
is not neglected, therefore the expression of kinetic energy is not linearized. The term
T1,trasl is obtained by the following expression:
T1,trasl =
1
2
m1(u˙
2
1 + v˙
2
1) (B.9)
By substituting (B.8) (where in (B.9), the kinetic energy can be rewritten:
T1,trasl = m1
R21
2
q˙21 (B.10)
Therefore, the terms of the Lagrangian relative to the kinetic energy are:
d
dt
∂T1,trasl
∂q˙1
− ∂T1,trasl
∂q1
= m1R
2
1q¨1
d
dt
∂T1,trasl
∂q˙2
− ∂T1,trasl
∂q2
= 0
(B.11)
B.2 Kinetic energy 245
The rotational term of the kinetic energy of the lower body is given by:
d
dt
∂T1,rot
∂q˙1
− ∂T1,rot
∂q1
= I1q¨1 =
1
3
m1 R
2
1 q¨1 (B.12)
The time derivatives of displacements of the mass m2 are given by:{
u˙2 = 2R1cos(A1)q˙1 +R2cos(A2) q˙2
v˙2 = 2R1sin(A1)q˙1 +R2sin(A2) q˙2
(B.13)
Similarly to T1,trasl, the translational term of the kinetic energy of m2 is:
T2,trasl =
1
2
m2(u˙
2
2 + v˙
2
2) (B.14)
By substituting (B.13) in (B.14), the kinetic energy can be rewritten:
T2,trasl =
m2
2
[
4 R21q˙
2
1 − 4 R1 R2cos(A1 − A2) q˙1q˙2 +R22 q˙22
]
(B.15)
The term of the Lagrangian is therefore:
d
dt
∂T2,trasl
∂q˙1
− ∂T2,trasl
∂q1
= 4 m2 R
2
1 q¨1 + 2m2R1 R2cos(A1 − A2)q¨2
∂T2,trasl
∂q˙2
− ∂T2,trasl
∂q2
= m2 R
2
2 q¨2 + 2m2R1 R2cos(A1 − A2)q¨1
(B.16)
The kinetic energy term due to rotational effects is:
d
dt
∂T2,rot
∂q˙2
− ∂T2,rot
∂q2
= I2q¨2 =
1
3
m2 R
2
2 q¨2 (B.17)
Substituting in (5.13) Eqs. (B.11), (B.12), (B.16), (B.17), the first equation is:
d
dt
∂T
∂q˙1
− ∂T
∂q1
=
=
4
3
(m1 R
2
1 + 3 m2 R
2
1)q¨1 + 2 m2 R1 R2 cos(A1 − A2)q¨2
(B.18)
and the second one:
d
dt
∂T
∂q˙2
− ∂T
∂q2
=
4
3
m2 R
2
2q¨2 + 2 m2 R1 R2 cos(A1 − A2)q¨1 (B.19)
These expressions are valid for the case 1. For the other cases it is sufficient to follow
the same procedure by properly changing the virtual displacements, for instance for
the case 2 it is:{
∂u2 = H1cos(0− q1) sin∂q1 +R2cos(α2 + q2) sin∂q2
∂v2 = H1sin(0− q1) sin∂q1 +R2sin(α2 + q2) sin∂q2
(B.20)
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as α1 is 0 and the radius vector R1x is equal to the height of the lower block H1. By
writing for all the cases the reported equations, the generalized mass matrix M can be
derived:
M =
 43(m1 R21 + 3 m2 R21x) m2 R1x R2 cos(A1x − A2)
m2 R1x R2 cos(A1x − A2) 43 m2 R22
 (B.21)
which is valid for all the cases (A1 and A2 given by (B.6) contain the sgn function).
For the meaning of the subscript 1x refer to (5.22), (5.23).
B.3 Potential energy
To write the Euler-Lagrange equation ( 5.14, 5.13), the potential energy U has to be
expressed. Recall that:
∂Uk
∂qi
= −∂Wk
∂qi
(B.22)
∂Uk
∂qi
is the variation of potential energy with respect to qi (the subscript i indicates the
two lagrangian coordinates, then i = 1, 2). Analogously, ∂Wk
∂qi
is the variation of work
with respect to qi made by the kth force involved in the system. The work will be
written separately for the forces related to the masses m1 and m2 and for the elastic
forces originated in the springs with stiffness KM and KB.
B.3.1 Work made by inertial forces
Gravity loads (W1 = m1g and W2 = m2g) perform negative work if the displacement
is positive (directed as y-axis in Fig. 5.49). An additional work is made by the inertia
forces subjected to the horizontal action represented by the seismic acceleration.
For the sake of simplicity, the vertical component of the external excitation is ne-
glected, but could be simply included in the formulation following the same procedure.
Moreover, the acceleration is considered the same for the two masses, even though they
have different height. Thus, is neglected the modification of the seismic action caused
by structural shape.
The work made by gravity loads and by the inertia forces in horizontal direction is:
∂W = −W1 ∂v1 −W2 ∂v2 +m1 a1 ∂u1 +m2 a2 ∂u2 (B.23)
where a1 and a2 are the horizontal acceleration components applied to the masses
m1 and m2. These are subjected to virtual displacements (∂u1, ∂v1) and (∂u2, ∂v2)
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respectively expressed by Eqs. B.1, B.3. Substituting them into B.23, the derivative of
the work with respect to q1 and q2 are:

∂W
∂q1
= −W1 R1sin(A1)− 2 W2 R1sin(A1)+
+m1 R1cos(A1) a1 + 2 m2 R1cos(A1) a2
∂W
∂q2
= −W2 R2sin(A2) +m2 R2cos(A2) a2
(B.24)
from which: 
∂U
∂q1
= W1 R1sin(A1) + 2 W2 R1sin(A1)+
−m1 R1cos(A1) a1 − 2 m2 R1cos(A1) a2
∂U
∂q2
= W2 R2sin(A2)−m2 R2cos(A2) a2
(B.25)
These equations are valid for case 1 (Fig. 5.49). If we consider cases 2,3,4, the expres-
sion of the work can be expressed in general form with the use of the sgn function:

∂U
∂q1
= sgn(q1) W1 R1sin(A1) + sgn(q1) W2 R1xsin(A1x)+
−m1 R1cos(A1) a1 −m2 R1xcos(A1x) a2
∂U
∂q2
= sgn(q2) W2 R2sin(A2)−m2 R2cos(A2) a2
(B.26)
For the meaning of the subscript 1x refer to (5.22), (5.23).
B.3.2 Work made by springs
The elastic forces originated in the springs with stiffness KM and KB perform the
work expressed by:
∂W = −KM uM ∂uM −KB uB ∂uB (B.27)
The work made by the springs is negative, as the force is opposite to displacement.
The virtual displacements ∂uM and ∂uB are respectively expressed by Eqs. B.2, B.5.
For the finite displacements uM and uB the expression ( 5.9 in § 5.3):
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uM = 2R1 [sinα1 − sin(A1)] (B.28)
and:
uB = 2(R1 [sinα1 − sin(A1)] +R2 [sinα2 − sin(A2)]) (B.29)
Substituting them into B.27 the derivatives of the work are:

∂W
∂q1
= −4 sgn(q1) (KM +KB) R21xcos(A1x)
[sinα1x − sin(A1x)]− 4 sgn(q2) KBR1x R2xcos(A1x)[sinα2x − sin(A2x)]
∂W
∂q2
= −4 sgn(q2) KB R22xcos(A2x)
[sinα2x − sin(A2x)]− 4 sgn(q1) KBR1x R2xcos(A2x)[sinα1x − sin(A1x)]
(B.30)
and the potential energy is:

∂U
∂q1
= 4 sgn(q1) (KM +KB) R
2
1xcos(A1x)[sinα1x − sin(A1x)]+
+4 sgn(q2) KBR1x R2xcos(A1x)[sinα2x − sin(A2x)]
∂U
∂q2
= 4 sgn(q2) KB R
2
2xcos(A2x)[sinα2x − sin(A2x)]+
+4 sgn(q1) KBR1x R2xcos(A2x)[sinα1x − sin(A1x)]
(B.31)
B.4 Equations of motion
The equations of motion can be simply obtained substituting the terms given by B.21
(matrix to be multiplied by the vector [q¨1, q¨2]T ), B.26 and B.31 in the Euler-Lagrange
equation ( 5.14, 5.13). The equations of motion are therefore:
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
4
3
(m1 R
2
1 + 3 m2 R
2
1x) q¨1 + m2 R1x R2 cos(A1x − A2) q¨2+
+sgn(q1) W1 R1sin(A1) + sgn(q1) W2 R1xsin(A1x)+
−m1 R1cos(A1) a1 −m2 R1xcos(A1x) a2+
+4 sgn(q1) (KM +KB) R
2
1xcos(A1x)[sinα1x − sin(A1x)]+
+4 sgn(q2) KBR1x R2xcos(A1x)[sinα2x − sin(A2x)] = 0
4
3
m2 R
2
2q¨2 + m2 R1x R2 cos(A1x − A2) q¨2+
+sgn(q2) W2 R2sin(A2)−m2 R2cos(A2) a2
+4 sgn(q2) KB R
2
2xcos(A2x)[sinα2x − sin(A2x)]+
+4 sgn(q1) KBR1x R2xcos(A2x)[sinα1x − sin(A1x)] = 0
(B.32)
where the terms Aj depend on qi.
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